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Chapitre 1
Introduction
La complexité descriptive est une branche de la théorie de la complexité, dont
l’objet est de caractériser des problèmes, i.e. des ensembles finis de structures, par
rapport à leur définissabilité dans des logiques spécifiques. Le résultat fondateur
de cette théorie est le théorème de Fagin [13], qui relie la définissabilité en logique du second ordre avec la classe de complexité NP (temps polynomial non
déterministe).
Theorem 1.1 (Fagin)
Un problème est définissable en logique du second ordre existentiel si, et seulement, si il peut être résolu en temps polynomial non déterministe. En d’autres
mots, NP=ESO.
(Notez comment on met en équation une logique avec la classe des problèmes que
cette dernière capture).
Le présent travail tire ses origines d’une tentative de caractérisation logique
d’une famille de problèmes combinatoires connus sous le nom de problèmes de
satisfaction de contraintes. Ces problèmes sont d’un grand intérêt en informatique et en intelligence artificielle ; il existe des liens forts entre ceux-ci et la
théorie des bases de données, la théorie des graphes ou encore l’algèbre universelle ; et ainsi les mots-clés suivants sont liés aux problèmes de satisfaction
de contraintes : conjunctive-query containment problem, H-colouring, problème
d’homomorphisme, Generalised Satisfiability. Dans ce travail, la classe des pro9
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blèmes de satisfaction de contraintes (CSP) est définie en terme d’existence d’homomorphismes entre des structures finies. Le plus frappant quant à la complexité
de ces problèmes est qu’ils semblent vérifier une propriété de dichotomie : c’està-dire qu’il s’agit soit de problèmes très difficiles (NP-complet) soit de problèmes
qu’on peut résoudre efficacement (appartenant à la classe de complexité P) ; et,
de plus, il semble exister des critères simples permettant de décider dans quel cas
de figure on se place pour un problème donné. Ces deux phénomènes sont d’autant plus surprenants lorsque on les considère à la lueur des théorèmes de Ladner
et de Fagin comme dans [7]. De nombreux résultats de grande qualité confortent
cette conjecture : entres autres, citons ceux obtenus par Schaefer [52] dans le cas
de valeurs booléennes, ainsi que ceux obtenus par Hell et Nešetřil [23] dans le
cas de contraintes exprimées par des graphes non orientés. Ces résultats ont étés
généralisés plus récemment par Jeavons et al. [28–34] en utilisant des outils issus
de l’algèbre universelle, mais aussi par Vardi et al. [16, 35, 36] en utilisant Datalog, des résultats de la théorie des groupes ou encore à l’aide de la construction
de jeux adaptés. Ces derniers ont également tenté de caractériser logiquement la
classe CSP. Ils se sont intéressés à quelques fragments de la logique existentielle
du second ordre (ESO), montrant qu’aucun de ceux-ci ne satisfaisait la propriété
de dichotomie, avant de s’arrêter sur la restriction monotone monadique et sans
symbole 6= d’une restriction syntaxique de ESO connue sous le nom de SNP :
la logique MMSNP. Bien qu’ils n’aient pas réussi à montrer que MMSNP vérifiait la propriété de dichotomie, ils ont pu relier étroitement MMSNP et CSP par
l’intermédiaire du résultat suivant.
Theorem 1.2 (Feder et Vardi)
Tout problème de CSP est définissable par une formule de MMSNP. Réciproquement, tout problème définissable par une formule de MMSNP est calculatoirement
équivalent à un problème de CSP.
(Par «calculatoirement équivalent» on entend l’équivalence induite par l’existence
de réductions entre des problèmes.)
De plus ces auteurs ont exhibé des exemples de problèmes définissables par des
formules de MMSNP qui ne sont pas dans CSP : leur preuve repose essentiellement sur des arguments de dénombrement. Nous avons donné d’autres exemples
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de tels problèmes dans [43]. Notre preuve est d’une nature différente et repose
sur la construction de familles particulières de graphes. Avec en tête le but ultime
de donner une caractérisation logique de CSP, j’ai essayé de généraliser cette approche à n’importe quel problème définissable par une formule de MMSNP. Plutôt que de travailler dans un cadre purement logique, j’ai préféré introduire une
nouvelle classe de problèmes combinatoires qui correspondent exactement aux
problèmes définissables par des formules de MMSNP : la classe des problèmes de
motifs interdits (FP). Dans ce cadre la question précédente est reformulée comme
suit. Quels problèmes appartiennent à FP mais pas à CSP ? De plus, étant donné
un problème dans FP, peut-on décider si oui ou non il appartient à CSP ; et, si
c’est le cas, peut-on le présenter en tant que problème de CSP ; c’est-à-dire, peuton construire son patron1 ? Un problème de motifs interdits est donné par une
représentation, qui consiste en la donnée d’un ensemble fini de structures coloriées. Cette reformulation du problème me permet d’introduire la notion clé de
recoloriage d’une représentation vers une autre ; Notez que les notions d’un recoloriage et d’une représentation généralisent respectivement celles d’un homomorphisme et d’une structure. Ce concept de recoloriage, associé à deux autres
notions implicites dans la preuve du théorème de Feder et Vardi (la notion de
patron d’une représentation et une transformation permettant de décomposer des
motifs interdits en leurs composantes biconnexes, transformation qu’on appellera
transformation de Feder-Vardi) permet de transformer n’importe quel problème
de motifs interdits donné en un problème équivalent défini par une représentation
normale. Étant donnée une telle représentation, on peut alors décider (par rapport
à un critère simple) si le problème considéré est dans CSP ou non ; et, si c’est le
cas, je montre comment construire son patron. En d’autres mots, les questions présentées ci-dessus ont été résolues. La preuve de ce résultat repose principalement
sur la construction de familles de structures particulières : les familles de témoins.
On peut voir une telle famille de structures comme la donnée d’une stratégie gagnante pour le censeur dans le jeu à deux joueurs suivant. Le censeur est opposé
au tartouilleur ; étant donné une représentation, le tartouilleur exhibe une structure et annonce qu’il s’agit d’un patron pour le problème (en tant que problème
1 son

template en anglais ; un lexique français-anglais est disponible page 204 pour les mots
dont la traduction n’est pas a priori évidente.

12

CHAPITRE 1. INTRODUCTION

dans CSP) ; ensuite, le censeur tente de trouver l’erreur : il exhibe une instance
qui est acceptée par le problème de motifs interdits original mais qui n’est pas
acceptée par le problème de CSP donné par le tartouilleur, ou vice versa.
En fait, il se trouve que les notions de représentation et de recoloriage, dépassent le cadre de la question précédente et présentent un intérêt en tant que
tel. En effet, le résultat décrit ci-dessus est lié à un résultat très élégant obtenu
récemment par Tardif et Nešetřil dans [45]. Ces derniers ont élégamment établi
l’existence d’un lien entre dualité et densité en construisant une correspondance
entre les paires duales et certaines paires couvrantes. Les paires duales correspondent à des problèmes de FP qui sont dans CSP d’un type très particulier : ces
problèmes n’ont qu’une couleur et un seul motif interdit (qu’on appellera problèmes monochromes de motif interdit – notez l’absence de pluriel). Les paires
couvrantes, quant à elles, correspondent aux intervalles de l’ordre partiel sur les
structures (induit par l’existence d’homomorphisme) qui ne sont pas denses. Nos
travaux gagnent à être comparés et s’enrichissent l’un l’autre : leur approche permet d’obtenir une meilleure caractérisation des problèmes monochromes de motif
interdit. Ces problèmes sont dans CSP si, et seulement si, le (coeur du) motif
interdit est un arbre. Par contre, la construction du patron que ces auteurs fournissent est quelque peu alambiquée, puisqu’ils ont recours à la correspondance
mentionnée ci-dessus ; ainsi, cette construction résulte de deux constructions imbriquées qui ne sont pas elles-mêmes des plus simples : l’exponentiel de structure
et la construction šíp (du tchèque šíp qui signifie flèche). J’explique briévement
leurs résultats et les comparent aux miens, puis je donne une preuve simplifiée
de la correspondance entre dualité et densité dans le cas plus général d’une algèbre de Heyting (l’approche n’est pas originale et suit exactement celle de Tardif
et Nešetřil). Le fait que les notions de représentation et recoloriage généralisent
celles de structure et d’homomorphisme se trouve renforcé un peu plus, puisque
je montre que représentation et recoloriage sont eux aussi liés à une algèbre de
Heyting. De ce fait découle donc une correspondance entre dualité et densité dans
un cadre plus général. Cependant, ce résultat n’est pas complètement satisfaisant
et engendre quelques questions ouvertes intéressantes que je motive.
Je me suis aussi intéressé à la complexité des problèmes de motifs interdits et
j’exhibe des exemples de problèmes qui ne sont pas dans CSP et qui sont com-
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plets pour les classes de complexité standards suivantes : NL, P et NP. Ainsi, à la
lumière de quelques résultats connus de complexité «fine» (cf. [28]) ces exemples
renforcent le théorème de Feder et Vardi : au sens où la classe FP semble se comporter de la même façon que la classe CSP quant à la complexité. Ce fait pourrait
apparaître comme trivial au lecteur, puisque MMSNP=FP implique que la classe
FP est, calculatoirement parlant, équivalente à la classe CSP, par le théorème de
Feder et Vardi. Cependant, dans la preuve de ce théorème les réductions considérées sont respectivement des réductions polynomiales et des réductions polynomiales probabilistes : ces réductions sont trop fortes et ne permettent pas de
résultat de complexité «fine». Pour accélérer les preuves, j’ai adapté des exemples
donnés par Grädel dans [21] et introduit d’autres exemples en utilisant sa caractérisation de sous-classes de NP à l’aide de fragments de la logique existentielle
du second ordre. Je discute également brièvement des restrictions standards applicables aux problèmes de motifs interdits susceptibles de faire baisser la complexité.
Dans [42], nous nous sommes également intéressés à un sujet quelque peu différent : nous avons en effet noté que, bien qu’il existe de nombreux résultats quant
à la complexité de problèmes dans CSP pour des structures, il ne semblait pas en
exister pour le cas d’algèbres. Nous nous sommes concentrés sur un cas restreint :
celui d’algèbres unaires. Nous avons pu montrer que dans le cas de seulement
deux symboles unaires, le problème uniforme était NP-complet (ici, «uniforme»
signifie qu’une instance consiste en une paire d’algèbre ; et, que la question est
de décider si il existe un homomorphisme depuis la première algèbre vers la seconde). De plus, dans le cas d’un unique symbole unaire, nous avons obtenu un
résultat intéressant de dichotomie : les problèmes non uniformes sont soit triviaux
soit L-complets (par opposition, «non-uniforme» signifie qu’une instance consiste
en une seule algèbre ; et, que la question est de décider si il existe un homomorphisme depuis celle-ci dans une algèbre fixée, le patron du problème). Notez que
ce résultat donne les premiers exemples connus de problèmes de satisfaction de
contraintes qui sont L-complets. Nous avons par ailleurs prouvé plus récemment
dans [15] qu’il est au moins aussi difficile d’obtenir un résultat de dichotomie dans
le cas de deux fonctions unaires que dans le cas classique.
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J’ai essayé de faire en sorte que ce volume soit le plus accessible possible :
cependant, quelques notions de bases en complexité et en complexité descriptive
sont nécessaires. Le lecteur pourra considérer pour la complexité les références
standards qui suivent : [46] par Papadimitriou ou [25] par Hopcroft et Ullman,
tous deux en anglais, et [39] par Lassaigne et de Rougemont en français (ce livre
est également une bonne introduction à la complexité descriptive). Pour les problèmes NP-complets, le lecteur pourra se reporter à l’inévitable [20], le guide to
NP-completeness par Garey and Johnson. Pour la complexité descriptive [12] par
Ebbinghaus et Flum est une référence très complète en anglais. Quelques définitions sont rappelées en Appendice A page 209. Notre référence pour l’algèbre
universelle est [44] ; et, pour la théorie des catégories [38]. Quelques définitions
sont rappelées en Appendice B page 213.
Le présent volume est organisé comme suit : au chapitre 2, la classe CSP
est définie comme la classe des problèmes d’homomorphismes non uniformes et
quelques résultats importants de dichotomie sont commentés. Également dans ce
chapitre, la logique MMSNP est définie et le théorème de Feder et Vardi expliqué
en détail. Dans le reste de ce chapitre, des exemples de problèmes de graphes définissables par des formules de MMSNP et qui ne sont pas dans CSP sont donnés :
cette dernière partie correspond à un travail commun [43] avec Iain Stewart. Le
Chapitre 3 est entièrement consacré à la logique MMSNP et se conclut par une
preuve du théorème de Feder et Vardi. Au Chapitre 4, les concepts liés aux problèmes de motifs interdits sont introduits, puis je prouve le résultat principal de
ce travail, à savoir la caractérisation des problèmes de motifs interdits qui ne sont
pas dans CSP. Ensuite, au Chapitre 5 le résultat de Tardif et Nešetřil mentionné
ci-dessus est brièvement expliqué. La correspondance entre dualité et densité est
prouvée dans ce chapitre dans le cas d’une algèbre de Heyting. Ce chapitre se
conclut par la motivation de quelques problèmes ouverts. Au chapitre 6, je donne
des exemples de problèmes de motifs interdits qui ne sont pas dans CSP et différentes restrictions sont brièvement envisagées pour ces problèmes. Finalement, le
chapitre 7 est consacré aux résultats obtenus dans [42] sur les problèmes d’homomorphisme pour le cas d’algèbres unaires. Ces résultats ont étés réunis récemment
avec des résultats contemporains de Feder (cf. [15]).
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Chapitre 6

Chapitre 7

Chapitre 2

Problèmes
d’homomorphismes
(algèbres unaires)

Problèmes
d’homomorphismes
(CSP)

Chapitre 4
Problèmes
de
pour
MMSNP
motifs interdits
Sec. 4.1.4
(FP)
uniquement

Problèmes
de
motifs interdits
(exemples, restrictions)
Définition
de FP
nécessaire
(Sec. 4.1.3)

Chapitre 3

Chapitre 5
Algèbre de Heyting

F IG . 1.1 – Ordre de lecture recommandé
Les contraintes relatives à l’ordre dans lequel cette thèse peut être lue sont
représentées en F IG. 1.1 ; Je recommande fortement la lecture du chapitre 2 avant
celle des autres chapitres. Il n’est pas forcément nécessaire de lire le chapitre 3
pour comprendre les chapitres suivants sauf pour la section 4.1.4 qui relie les problèmes de motifs interdits avec la logique MMSNP. Le chapitre 4 doit forcément
être lu avant le chapitre 5. Seule la définition des problèmes de motifs interdits qui
est donnée à la section 4.1.3 est nécessaire pour lire le chapitre 6. Finalement, le
chapitre 7 peut être lu indépendamment. Finalement, un lexique est à disposition
du lecteur page 204 et un index page 222.
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Chapitre 2
Problèmes d’homomorphisme
Les problèmes d’homomorphisme sont introduits puis quelques résultats
sont brièvement présentés afin de motiver la définition de la logique MMSNP
introduite par Feder et Vardi. Enfin, il est montré qu’il existe des exemples de
problèmes capturés par cette logique qui ne sont pas des problèmes d’homomorphisme.
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Constraint satisfaction problems consist of finding assignments of values to
variables subject to constraints on the values which can be simultaneously assigned to certain specified subsets of variables. They are of great importance in
computer science and artificial intelligence, and have strong links with database
theory, combinatorics and universal algebra. For example, the general constraint
satisfaction problem is also known as the conjunctive-query containment problem
from database theory and the homomorphism problem from combinatorics [4];
and, there is a strong link between the tractability of constraint satisfaction problems and the study of the closure of relations under certain operations in universal
algebra [32]. This diversity has meant that the study of these constraint satisfaction problems has progressed on a number of different fronts and according to
different motivations.
Our formulation of constraint satisfaction involves the existence of a homomorphism of one finite structure to another, and in some parts of this work we are
concerned with the computational complexity of constraint satisfaction problems
when the structures involved are restricted. The general constraint satisfaction
problem has: as its instances pairs of finite structures (A; B) over the same signature; and, as its yes-instances instances (A; B) for which there is a homomorphism
of A to B. The general constraint satisfaction problem is trivially in NP and is
easily shown to be NP-complete; and it is usual to restrict the problem so that
all finite structures come from some specific class of finite structures or, further,
so that the second component, the template, of any instance is some fixed finite
structure. The former problems are called uniform constraint satisfaction problems, as the two structures in an instance can be arbitrarily drawn from the given
class of structures, whilst the latter problems are called non-uniform constraint
satisfaction problems, as the second structure in an instance must be a given fixed
structure (rather than thinking of instances of non-uniform constraint satisfaction
problems as pairs of finite structures (A; T ), with T fixed, we simply think of
them as finite structures A, with yes-instances those instances A for which there
exists a homomorphism to T ). The computational complexity of these restricted
problems is then studied with the ultimate goal being a classification as to the
conditions under which a (uniform or non-uniform) constraint satisfaction problem has a given computational complexity. In this chapter, we shall concentrate
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on the non-uniform case.
This chapter is organised as follows. In the first section we shall give some
basic definitions and results. In Section 2.2 we shall relate briefly the main known
results concerning the complexity of non-uniform constraint satisfaction problem:
in particular, the so-called dichotomy results of Schaefer for boolean problems and
of Hell and Nešetřil for the case of undirected graphs. In the final section, we shall
outline a logic introduced by Feder and Vardi together with one of their results
that states that the class of problems captured by this logic is computationally
equivalent to the class of non-uniform constraint satisfaction problems. However,
we shall prove that various problems over graphs that are expressible in this logic
are not realisable as non-uniform constraint satisfaction problems.

2.1 Preliminaries
Let σ be a signature with relation symbols only, that is, symbols R1 ; R2 ; : : : ; Rs
with respective arities r1  1; r2  1; : : :; rs  1.

Recall that a finite σ-structure A consists of a finite set1 , called the domain of
A and denoted by jAj, together with an interpretation RAi  jAjri for every symbol

Ri in σ, 1  i  s. The size of A, that is the cardinal of the set jAj, is also denoted
by jAj (this does not cause confusion).

Let A and B be two σ-structures. We call a homomorphism of A to B any
mapping h : jAj ! jBj satisfying:



for any r-ary symbol in σ and for any ā in jAjr , if RA (ā) holds then RB (h(b̄))
holds (where h(ā) denotes the r-tuple obtained from ā via an application of
the mapping h component-wise).

If h is a homomorphism of A to B then we write A

h

is a surjective homomorphism of A to B; and, we write A

B; we write A
h

h

B if h

B if h is an injective

homomorphism of A to B. If there exists some homomorphism of A to B then we
B; and, if none exists A = B.
write A
1 Contrary

to usage in finite model theory, we do consider the void structure and the structure
with a single element domain.

CHAPITRE 2. PROBLÈMES D’HOMOMORPHISME

20
If A

h

B then we say that A is a substructure of B. If, further, for any r-ary

symbol R of σ and any ā in jAjr , if RB (h(ā)) holds then RA (ā) holds, then we say
that A is an induced substructure of B.
An isomorphism is a bijective homomorphism whose inverse is a homomorphism. When an isomorphism exists between A and B then we say that A and

B are isomorphic and we write A t B. Denote by ST RUC(σ) the class of finite
σ-structures.
The homomorphic image of A via h, denoted h(A), is the (not necessarily
induced) substructure of B such that:

 jh(A)j := fb 2 jBjj9a 2 jAj such that h(a) = bg; and


for any r-ary symbol R in σ and any b̄ in jh(A)jr , Rh(A) (b̄) holds, if, and only

if, there exists some ā in jAjr such that h(ā) = b̄ and RA (ā) holds.

Moreover, it is immediate that the composition of two homomorphisms is a
homomorphism and that for any structure A, there exists an identity homomorphism A

idA

A (defined by setting idA (x) := x for any x in jAj) such that for any

structures B and C and homomorphisms B

f

A and A

g

C, we have idA Æ f

=

f

and g Æ idA = g. Furthermore, the composition of homomorphisms being associative, one can speak of the category of finite σ-structures. As we shall see later,

this category has some interesting properties: in fact, if one considers structures
up to homomorphism equivalence then we get a Heyting Algebra (cf. Chater 5 on
page 145).
Let A be a σ-structure. Recall that the (non-uniform) homomorphism problem
with template A, denoted CSP(A), has yes-instances those σ-structures B such that
A. Denote by CSPσ the class of homomorphism problems having as template
B
a σ-structure and set:
CSP :=

[

CSPσ:

σ rel sign

Proposition 2.1 Let A and B be two σ-structures. CSP(A)  CSP(B) if, and only
B.
if, A

2.2. KNOWN COMPLEXITY RESULTS
P ROOF. If CSP(A)  CSP(B) then since A
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idA

CSP(A). Hence that A is in CSP(B); that is, A

A, it follows that A belongs to
B. Conversely, if A

some h then for any C in CSP(A); that is, such that C
sition, it follows that C

hÆg

g

h

B for

A for some g; by compo-

B; hence that C belongs to CSP(B).



2.2 Known complexity results
As we mentioned previously, the general constraint satisfaction problem is NPcomplete. There are two main ways of restricting this problem in order to obtain
tractability. The first way consists in imposing that the first structure of any instance is somehow like a tree, to be precise that it has bounded tree-width, to
ensure that the standard resolution algorithms’ backtrack is bounded. This approach has been developed by Freuder (cf. [18, 19]) but is a direct consequence
of a more recent result due to Courcelle (cf. [6]). The second approach consists
in restricting the second structure of any instance; which often leads to so-called
dichotomy results; that is, results in which restrictions of the general problem are
either NP-complete or decidable in polynomial time. These dichotomy results are
best appreciated to the light of Ladner’s theorem (cf. [37]); one version of which
is as follows.
Theorem 2.2 (Ladner) If P 6= NP then there is a language in NP which is neither
in P nor NP-complete.
Notice that we do not know of any natural problem with such a property (under the

assumption that P 6= NP): some problems that resist any classification attempts,
such as G RAPH -I SOMORPHISM, are conjectured to be such natural problems.
In practice many problems can be easily specified as constraint satisfaction
problems (e.g. optimisation problems such as the F REQUENCY ASSIGNMENT
problem, cf. [11]). For this reason, constraint staisfaction solvers are of real
practical importance, which motivates further the study of constraint satisfaction
problems in theoretical computer science. Indeed, note that constraint satisfaction
problems capture many benchmark problems: in [28], various natural problems
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are encoded as uniform constraint satisfaction problems (in this work the general
constraint satisfaction problem is even referred not without humour as the great
combinatorial problem). The encodings are in general much more natural and
straightforward than reductions to other well-known NP-complete problems.
Next, we shall briefly relate two important dichotomy results; namely the case
of undirected graphs (the problem is known also as the H-colouring problem)
due to Hell and Nešetřil and the case of structures with Boolean domains due to
Schaefer (the problem is known as the Generalised Satisfiability problem).

2.2.1 H-colouring
The non-uniform constraint satisfaction problem when restricted to undirected
graphs is known as the H-colouring problem, where H denotes the template of
the problem studied. For example, when H is a triangle, the H-colouring problem
is nothing else than 3-C OL (the problem that consists of all graphs whose vertices
can be coloured with three colours such that no two adjacent vertices are coloured
with the same colour). The latter is known to be NP-complete (cf. [20]). Hell and
Nešetřil proved the following in [23].
Theorem 2.3 (Hell and Nešetřil)
The H-colouring problem is NP-complete whenever H is not bipartite and can be
decided in polynomial time otherwise.
Their proof makes use of three constructions over graphs that allow one to reduce the question of whether the H-colouring is NP-complete to the question of
whether the H 0 -colouring problem is NP-complete, where H and H 0 are related
via one of these three constructions. They show further that the case when the
template is a bipartite graph is tractable; indeed, it can be easily shown that as
a decision problem, for any bipartite graph B, the B-colouring problem coincides
with 2-C OL (the problem that consists of all graphs whose vertices can be coloured with two colours such that no two adjacent vertices are coloured with the same
colour) which is known to be decidable in polynomial time: as the core of a bipartite graph is the graph consisting of a single edge; in other words nothing else than
the template of 2-C OL , cf. Subsection 4.2.1 on page 90. The main part of their
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proof is indirect and consists in assuming that for some non bipartite graph H, the
H-colouring problem is not NP-complete (under the more general assumption that
P and NP do not coincide). By properties of the three constructions mentioned
above, and the facts that H is not bipartite and can not be a clique (otherwise H
would be either bipartite or the H-colouring problem NP-complete), they reduce
the H-colouring problem to the H 0 -colouring problem, where H 0 can not exist.
This part of their proof is fairly technical and involves a case study on the structure of H and its properties to derive some contradicting properties on H 0 . Notice
that no constructive proof is presently known for this result. Furthermore, some
unsuccessful attempts have been made to generalise this result to other structures;
even the case of directed graph remains open.

2.2.2 Generalised Satisfiability
There exists another type of dichotomy result which is not quite comparable to the
former result. Given some fixed domain D of values (that corresponds to the domain of the template) call a set Γ of relations tractable if for any structure T with
domain D and relations in Γ, the constraint satisfaction problem with template
T is decidable in polynomial time. Denote by CSP(Γ) the class of non-uniform
constraint satisfaction problems whose template T consists of relations from Γ as
above. The uniform constraint satisfaction problem where T is drawn from the
class B of Boolean structures is known as G ENERALISED -S AT and was studied
by Schaefer in [52]. Schaefer proved the following dichotomy result.
Theorem 2.4 (Schaefer). Let Γ0 be a subset of ΓB , the set of all Boolean finitary
relations. If Γ0 falls within one of the following 6 classes, that is if:
1. Γ0 is 0-valid;
2. Γ0 is 1-valid;
3. Γ0 is affine;
4. Γ0 is bijunctive;
5. Γ0 is Horn; or
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6. Γ0 is anti-Horn,

then CSP(Γ0 ) is tractable, otherwise it is NP-complete.
These 6 classes have simple characterisations in term of closure properties. For
example, a relation is 0-valid if, and only if, it is closed under the Boolean constant
operation 0; and, it is Horn if, and only if, it is closed under the binary Boolean
operation ^.
Schaefer’s dichotomy result has been generalised to optimisation complexity
classes and to counting classes by Creignou et al. (cf. [7]).

2.2.3 Further selected results
Schaefer was inspired by the work of Post on Boolean functions and relations,
work that has been extended in a branch of universal algebra known as clone theory. Schaefer’s approach has been applied by Jeavons et al. to larger domains and
partial dichotomy results have been obtained (cf. [28–34]). For an introduction to
this approach see, for example, [41]. Notice that this method leads only to partial
results as it relies heavily on what is known about the clone lattice. The Boolean
clone lattice was completely described by Post in [47]; and, is countable whereas
it is known that the clone lattice for larger domains is not (for more on clone theory, see the excellent book in German by Pöschel and Kalužnin [49], a technical
report in English by Pöschel [48] or the first chapter of Szendrei’s exposition [55]).
As a matter of fact, there is presently no description of the clone lattice even for a
domain of size 3. However, some progress has been made as regards a conjecture
that dichotomy results à la Schaefer exists for any finite domain. Recent work
by Bulatov, Krokhin and Jeavons involves the use of deep results from universal
algebra in [3].
Note that the dichotomy results of the two previous theorems are not comparable. It was proved in [2] that CSP(ΓB ) is not tractable, where ΓB denotes the set
of the edge relations of any finite bipartite graph.
Apart from Jeavons et al., there is another group of researchers that have attempted to develop general methods to classify non-uniform constraint satisfaction problems, namely Feder and Vardi in [16]. In their work, tractable sets of relations fall into two main classes, one being defined in terms of Datalog, the other
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in terms of group theory. Some of these results have been extended or proved
in a more concise way by Kolaitis and Vardi in [35] and [36]. The terminology
of uniform and non-uniform constraint satisfaction problem was taken from [35],
where the authors proved that many known dichotomy results uniformise; that is,
can be generalised to the uniform case. We shall explain in more detail what we
understand by this in Chapter 7, where homomorphism problems for unary functions are studied. However, for the moment we shall be concerned mainly with a
specific result of Feder and Vardi from [16], where they defined the logic MMSNP
in an attempt to characterise logically CSP. First, they conjectured the dichotomy
of CSP as follows;
Conjecture 2.5 (dichotomy of CSP)
Every problem in CSP is either in P or NP-complete.
Recall that Syntactic NP (SNP for short) is the fragment of Fagin’s existential
second order logic (ESO for short)that consists of sentences of the form 9S̄8x̄φ,

where φ is quantifier-free; that is, second order sentences with a universal firstorder part. In order to find some logic for CSP, Feder and Vardi looked for a

logic L that is a restriction of SNP (CSP is easily seen to be captured by SNP)
and would have the dichotomy property (as SNP itself does not). They investigated 3 types of restrictions on SNP: namely monotonicity, monadicity and no
inequalities. That is, imposing that each input predicate occurs with the same
polarity within a sentence, respectively imposing the second order predicates to
be monadic, and respectively that no inequality symbol occurs within a sentence.
They showed that imposing two of these restrictions is not sufficient by proving
the following theorems (L denotes here the logic obtained from SNP by imposing
any two restrictions among the three listed above).
Theorem 2.6 (Feder and Vardi)
Every problem A in NP has an equivalent (under polynomial-time reductions)
problem B in the class of problems expressed by sentences of L .
(by ‘equivalent’ we mean that: the problem A reduces to the problem B; and, conversely, the problem B reduces to the problem A.) Therefore as a corollary from
Ladner’s theorem, it follows that none of these three logics could be adequate to
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capture exactly CSP according to the dichotomy conjecture. They were however
unable to extend Ladner’s diagonalisation arguments when the three restrictions
mentioned above were imposed simultaneously on the logic SNP. They called this
fragment of SNP, Monotone Monadic SNP without inequalities, which they denoted by MMSNP for short.
E XAMPLE . Consider the signature σ2 := (E ), where E is a binary symbol. We can see
problems over σ2 as the realisation of some abstract graph problems via the following
encoding “there exists an edge between two vertices u and v if, and only if, E (u; v) holds
or E (v; u) holds”. In this setting, the well known abstract graph problem 3-C OL (that
consists of those graphs whose vertices can be coloured with three colours such that every
pair of adjacent vertices have been assigned different colours) can be realised over σ2 as
the problem captured by the following sentence of MMSNP.

9R9G9B8x8y
^
^
^

:(B(x) ^ R(x)) ^:(B(x) ^ G(x)) ^:(R(x) ^ G(x))
:(:R(x) ^:G(x) ^:B(x))
:(E (x; y) ^ R(x) ^ R(y)) ^:(E (x; y) ^ G(x) ^ G(y))
:(E (x; y) ^ B(x) ^ B(y)):
N

2.3 Feder and Vardi’s MMSNP
In [16] Feder and Vardi attempted to give a logic for CSP: they introduced the
logic MMSNP and showed that the set of problems captured by MMSNP is computationally equivalent to CSP. In this section, we introduce briefly this result.

2.3.1 Definition
Monotone Monadic SNP without inequality is a fragment of ESO and consists of
the set of formulae of the following form:

^
9M̄8x̄ :(αi(R̄; x̄) ^ βi(M̄; x̄));
i

where for every negated conjunct :(αi ^ βi ):

2.3. FEDER AND VARDI’S MMSNP
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the α-part αi consists of a conjunction of positive atoms involving relational
symbols from σ and variables from x̄; and
the β-part (or colouring) βi consists of a conjunction of atoms or negated
atoms involving the monadic existentially-quantified predicates M̄ and variables from x̄.

Notice that the equality symbol does not occur in Φ. Monotone Monadic SNP
without inequality is denoted by MMSNP, for short.

2.3.2 MMSNP is computationally equivalent to CSP
The result we are about to quote has initiated the present work (except for Chapter 7). In the remainder of this work, when we write ‘Feder and Vardi’s theorem’
we understand the following key result.
Theorem 2.7 (Feder and Vardi)
Every problem in CSP is expressible by a sentence of MMSNP. Every problem PΦ expressible by a sentence Φ of MMSNP is equivalent to a problem
CSP(TΦ) in CSP: PΦ reduces to CSP(TΦ) in polynomial time; and, CSP(TΦ)
reduces to PΦ in randomised polynomial time.
We shall give a proof of the previous theorem in Chapter 3. Feder and Vardi
showed that MMSNP captures more than just CSP i.e., that there are problems
captured by MMSNP that are not in CSP. They gave two examples of such problems over graphs; the problem consisting of those graphs that are triangle-free;
and the problem consisting of those graphs G for which one can colour the elements of jGj black or white such that the coloured graph contains no monochromatic triangle. They gave a sketch of this proof in which they used a counting
argument. In the next section, we shall give further examples of such problems,
using a different type of proof, involving the construction of families of graphs
with special properties.
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2.4 MMSNP captures more than CSP
We exhibit some problems over σ2 that are captured by MMSNP and show that
they can not be in CSP (this section is an extended version of [43]).

2.4.1 Some problems expressible by a sentence of MMSNP
The problem T RI -F REE is the problem over σ2 defined by the following first-order
sentence:

8x(:E (x; x))^
8x8y8z(:(E (x; y) _ E (y; x)) _:(E (x; z) _ E (z; x)) _:(E (y; z) _ E (z; y))):
Note that the above sentence can be considered to be a realisation of the abstract
decision problem consisting of those undirected graphs in which there is no triangle. T RI -F REE is also expressible by a sentence of MMSNP since although the
above sentence is not directly a sentence of MMSNP according to our definition,
it is logically equivalent to one: it is logically equivalent to the following sentence
using the identity :(P _ Q)  :P ^:Q

8x(:E (x; x))^
8x8y8z((:E (x; y) ^:E (y; x)) _ (:E (x; z) ^:E (z; x)) _ (:E (y; z) ^:E (z; y))):
Then using the distributivity of
tence

^ by _ we obtain the following equivalent sen-

8x :E (x; x) ^8x8y8z
(:E (x; y) _:E (x; z) _:E (y; z)) ^ (:E (x; y) _:E (x; z) _:E (z; y))
^(:E (x; y) _:E (z; x) _:E (y; z)) ^ (:E (x; y) _:E (z; x) _:E (z; y))
^(:E (y; x) _:E (x; z) _:E (y; z)) ^ (:E (y; x) _:E (x; z) _:E (z; y))
^(:E (y; x) _:E (z; x) _:E (y; z)) ^ (:E (y; x) _:E (z; x) _:E (z; y)):

2.4. MMSNP CAPTURES MORE THAN CSP
Finally, using the fact that
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:P _ :Q  :(P ^ Q) and rewriting the sentence in

prenex form, we obtain the following equivalent MMSNP sentence
Φ1 := 8x8y8z

where

and

:E (x; x) ^:`1 (x; y; z) ^:`1(x; z; y) ^:`2(x; y; z) ^:`1(z; y; x)
^:`1 (y; x; z) ^:`2(y; x; z) ^:`1(y; z; x) ^:`1(z; y; x);
`1 (x; y; z) = (E (x; y) ^ E (x; z) ^ E (y; z));
`2 (x; y; z) = (E (x; y) ^ E (z; x) ^ E (y; z)):

The problem N O -M ONO -T RI is the problem over σ2 defined by the following
sentence:

9C(8x(:E (x; x)) ^8x8y8z(((E (x; y) _ E (y; x)) ^ (E (x; z) ^ E (z; x))
^(E (y; z) _ E (z; y))) ) (:(C(x) ^ C(y) ^ C(z)) ^:(:C(x) ^
:C(y) ^:C(z))))):
Note that the problem N O -M ONO -T RI can be considered as a realisation of the
abstract decision problem consisting of those undirected graphs for which there
exists a 2-colouring of the vertices so that the vertices of every triangle in the graph
are not monochromatically coloured. Note that the problem N O -M ONO -T RI can
also be captured by a sentence of MMSNP. The previous sentence can be rewritten
using the same technique as previously, since the polarity of each occurrence of
the symbol E is odd. We prefer to work with the previous sentence as it is much
more compact. The same shall hold for any further sentence we shall consider in
this section.

The problem T RI -F REE -T RI is the problem over σ2 defined by the following
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sentence:

9R9W 9B(8x((R(x) ^:W (x) ^:B(x)) _ (:R(x) ^ W (x) ^:B(x))
_(:R(x) ^:W (x) ^ B(x))) ^8x8y((E (x; y) _ E (y; x)) ) (:(R(x)
^R(y)) ^:(W (x) ^ W (y)) ^:(B(x) ^ B(y)))) ^8x(:E (x; x))
^8x8y8z(:(E (x; y) _ E (y; x)) _:(E (x; z) _ E (z; x)) _:(E (y; z)
_E (z; y)))):
Note that the problem T RI -F REE -T RI can be considered as a realisation of the
abstract decision problem consisting of those undirected graphs that are tripartite
and in which there is no triangle; that is, as a restriction of T RI -F REE to tripartite
graphs.
The problem N O -WALK -5 is the problem over σ2 defined by the following
first-order sentence:

8x(:E (x; x)) ^8x1 8x2 8x3 8x4 8x5 (:((E (x1; x2 ) _ E (x2; x1 )) ^ (E (x2; x3)
_E (x3 ; x2)) ^ (E (x3; x4) _ E (x4; x3 )) ^ (E (x4; x5 ) _ E (x5; x4))
^(E (x5; x1 ) _ E (x1; x5)))):
Note that N O -WALK -5 can be considered to be a realisation of the abstract decision problem consisting of those undirected graphs in which there is no closed
walk of length 5. The problem N O -WALK -7 is defined similarly. Moreover, consider the problems N O -WALK -5-T RI and N O -WALK -7-T RI respectively, as the
restrictions of N O -WALK -5 and N O -WALK -7 respectively, to tripartite graphs, as
above.
Our first observation is that, if the template defining a problem in CSP over
σ2 has a self-loop, then the problem must consist of the class of all σ2 -structures.
Hence, we may assume that any template has no self-loops as none of the problems we consider in this section are trivial. Our second observation is that the
template defining a problem in CSP over σ2 must be a yes-instance of the problem (as the identity map of the template to the template is a homomorphism).
Lemma 2.8 Let G; T

2 ST RUC(σ2). Suppose that, T 2 TRI-FREE . Furthermore,
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suppose that in the undirected graph encoded by G, there is a path of length 3
joining two non-adjacent vertices u and v. Then for any G

h

T , h(u) 6= h(v).

P ROOF. Let u and v be two non-adjacent vertices of G. Suppose further that there
is a homomorphism h of G to T such that h(u) = h(v). By definition, there is a
path u; w1 ; w2 ; v in the graph encoded by G. Because T has no self-loops, we must
have that h(u), h(w1 ) and h(w2 ) are pairwise distinct in T and since h is a homomorphism, we have (E (h(u); h(w1)) or E (h(w1 ); h(u))) and (E (h(w1 ); h(w2 ))
or E (h(w2 ); h(w1))) and (E (h(w2 ); h(u)) or E (h(u); h(w2))) that hold in T ; that
is, the graph encoded by T has a triangle. Thus T 62 T RI -F REE . This yields a
contradiction.



Suppose that some problem P over σ2 is such that:




every σ2 -structure in P is in T RI -F REE ; and
for every n, P contains a structure Hn that encodes a graph with n mutually
non-adjacent vertices where there is a path of length 3 joining every pair of
such vertices.

Then, by Lemma 2.8 on the facing page, P is not in CSP (any homomorphism
of Hn to the template must have an image of size at least n). In the following, we
construct such a family of graphs for all the first-order problems that have been
introduced in this section.

2.4.2 Construction of Hn .
Define the structure Hn as follows. The domain of Hn consist of the union of the
sets:

 Vn = f1; 2; : : :; ng;
 Un1 = f(i; j) : 1  i; j  n; i < jg; and
 Un2 = f(i; j) : 1  i; j  n; i > jg.
E Hn consist of the union of the sets:
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 f(i; (i; j)) : 1  i; j  n; i < jg;
 f(i; (i; j)) : 1  i; j  n; i > jg; and
 f((i; j); ( j; i)) : 1  i; j  n; i 6= jg.
The graph encoded by Hn can be depicted as in Fig. 2.1 Note that: the graph
encoded by Hn is triangle-free; there is a path of length 3 joining any two distinct vertices of Vn ; Vn forms an independent set in this graph; and this graph is
tripartite.
U1n
(n

U2n

1; n)

(n; n

1)

..
.

..
.

(i ; j )

( j ; i)

..
.

..
.

(1; 3)

(3; 1)

(1; 2)

(2; 1)

Vn

1

2

:::

i

<

j

:::

n

1

n

Figure 2.1: The Graph encoded by Hn .

Lemma 2.9 There does not exist a closed walk of length 5 or 7 in the graph
encoded by Hn.
P ROOF. Suppose that there exists a closed walk W of length 5 or 7 in the graph
encoded by Hn . As this graph is tripartite, W must have at least one vertex, w1
say, in Vn . Hence, there is w2 2 Vn nfw1 g such that either:
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1. w1 , (w1 ; w2 ), (w2 ; w1 ) is a sub-walk of W ; or
2. w1 , (w1 ; w2 ), w1 is a sub-walk of W .
Suppose that the length of W is 5. In case (1), we obtain a contradiction as
every vertex of Un1 and Un2 is joined to exactly one vertex of Vn . In case (2), we
also obtain a contradiction as this would imply that the graph encoded by Hn has
a triangle. Hence, this graph has no closed walk of length 5.
Suppose that the length of W is 7. In case (1), we must have a closed walk
of length 4 between w1 and w2 . As every vertex of Un1 and Un2 has exactly one
neighbour in Vn , this yields a contradiction. Case (2) yields a contradiction as it
implies that there must be a closed walk of length 5 in the graph encoded by Hn .



Our observation immediately after the proof of Lemma 2.8 on page 30 yields
the following corollary.
Corollary 2.10 The problems T RI -F REE, T RI -F REE -T RI, N O -WALK -5, N O -WALK -7, N O -WALK -5-T RI and N O -WALK -7-T RI are in MMSNP but not in
CSP.
This only leaves the problem N O -M ONO -T RI. Let Gn be obtained from Hn by
adding in two extra elements, a> and a? , such that a> and a? is joined to every
other vertex in the graph encoded by Gn (this means that we have an edge (a> ; a? )
too); i.e. set
E Gn := E Hn [f(a? ; w); (a> ; w)j such that w 2 jGn jg[f(a> ; a? )g:
Lemma 2.11 Suppose that u and v are vertices of Vn in the graph encoded by Gn
and let T be a σ2 -structure in N O -M ONO -T RI such that there is a homomorphism
h of Gn to T . Then h(u) 6= h(v).
P ROOF. Suppose that h(u) = h(v). By arguing as in Lemma 2.8 on page 30,
there are vertices w1 and w2 of Gn n fa> ; a? g such that h(w1 ); h(u) and h(w2 )
are pairwise distinct. Also, both h(a> ) and h(a? ) must be different from the
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image of any other vertex of Gn . Hence, E (x; y) or E (y; x) holds in T for every

distinct pair of elements x and y from the set fh(u); h(w1); h(w2); h(a> ); h(a? )g
of 5 elements. We obtain a contradiction as this implies that T 62 N O -M ONO -T RI ,

since a structure encoding a clique of size 5 is not in N O -M ONO -T RI.
Lemma 2.12 For every n  2, Gn 2 N O -M ONO -T RI .
P ROOF. Colour the elements a> and a? ‘black’ and the other elements ‘white’.
This is a valid colouring since the part of Gn coloured ‘white’ is a copy of the
structure Hn , and encodes a graph that is triangle-free.



By arguing as above, we immediately obtain the following.
Corollary 2.13 N O -M ONO -T RI is in MMSNP but not in CSP.
Notice that among the problems that are in MMSNP but not in CSP, there are
tractable problems (all the problems of Corollary 2.10 on the preceding page are
first-order expressible hence in the complexity class L; i.e. deterministic logarithmic space) as well as intractable problem (N O -M ONO -T RI is NP-complete, cf.
Chapter 6). We shall provide in Chapter 6 further examples of such problems that
are complete for the complexity classes NL, P and NP.
In Chapter 4, we shall take the approach that has been developed in this chapter
one step further: we shall completely characterise those problems in MMSNP that
are not in CSP where the underlying signature is arbitrary.

Chapitre 3
La logique MMSNP
On introduit précisément la logique MMSNP de Feder et Vardi afin de pouvoir prouver en détail le théorème de Feder et Vardi concernant l’équivalence
calculatoire entre MMSNP et CSP.
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Dans ce chapitre, je donne une preuve détaillée du théorème de Feder et Vardi
(cité au chapitre 2 comme théorème 2.7). L’approche n’est pas originale et suit
la démonstration donnée dans [16]. En effet, la preuve de Feder et Vardi est plutôt courte et difficile. Ceci a motivé ce chapitre. L’idée de la preuve est la suivante : premièrement, de noter que certaines formules de MMSNP, qu’on appellera formules conformes, définissent des problèmes d’homomorphisme : un
exemple d’une telle formule a été donné au chapitre précédent pour le problème
3-C OL. Deuxièmement, de transformer toute formule de MMSNP en une formule
équivalente qui soit «aussi conforme que possible» de telle sorte qu’on puisse lui
associer un problème d’homomorphisme canonique (notez que très probablement,
ce dernier aura une signature différente). Pour montrer l’équivalence calculatoire,
une réduction est assez directe, celle depuis le problème donné par la formule de
MMSNP vers le problème d’homomorphisme canonique. Par contre, cette réduction n’est pas surjective : il existe des instances du problème d’homomorphisme
canonique qui ne correspondent pas à des instances du problème donné par la
formule de MMSNP. L’idée clé pour contourner cette difficulté, consiste à transformer un peu plus les formules de MMSNP en une forme spéciale, où chaque
conjonction interdite est biconnexe : ceci permettra de définir une fonction du
problème d’homomorphisme canonique vers le problème donné par la formule
de MMSNP comme une sorte d’inversion canonique de la réduction mentionnée
ci-dessus. On prouve alors qu’il s’agit d’une réduction sauf pour des instances
du problème d’homomorphisme canonique qui ont des «petits» cycles (ici «petit» est une variable de la formule de MMSNP). Or, Feder et Vardi ont adapté
une construction aléatoire de Erdös relative au nombre chromatique et à la cyclicité (minimum des tailles des cycles d’un graphe) : cette construction peut être
utilisée comme «endoréduction» polynomiale probabiliste du problème d’homomorphisme canonique pour transformer une instance donnée en une instance équivalente avec des cycles suffisamment «grand». Cette construction, couplée avec la
réduction canonique inverse, donne finalement une réduction polynomiale probabiliste depuis le problème d’homomorphisme canonique vers le problème donné
par la formule de MMSNP. Notez qu’il reste ouvert si cette réduction peut être
déterminisée.
Ce chapitre s’articule comme suit. Dans la section 3.1, la notation est introduite, les définitions de bases données ainsi que quelques exemples. Ensuite dans
la section 3.2, les formules conformes sont définies et l’existence d’une correspondance naturelle entre ces formules et les problèmes d’homomorphismes est
démontrée. La section 3.3 se consacre au paradigme de problème défini par une
formule de MMSNP qu’est le problème N O -M ONO -T RI : on y effectue aussi la
preuve du théorème de Feder et Vardi dans ce cas particulier, afin de faciliter la
compréhension de cette preuve dans le cas général. À la section 3.4, la construction de la forme spéciale d’une formule de MMSNP est donnée. La section 3.5
est consacrée à la partie principale de la preuve dans le cas général : le problème
d’homomorphisme canonique associé à une formule spéciale, la réduction canonique et son inversion sont explicitées. Finalement, à la section 3.6, on donne la
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3.1 Preliminaries
3.1.1 Good sentences
In the following, we show how to rewrite any sentence of MMSNP as a “good
sentence”: informally, we remove redundant negated conjuncts and we enforce
that for every first-order variable occurring in a negated conjunct, a full choice of
validity for the monadic predicates is inherent.
Notation Let Φ be a sentence of MMSNP over the signature σ, that is a sentence
of the following form

^
9M̄8x̄ :(αi(R̄; x̄) ^ βi(M̄; x̄)):
i

Let κ(Φ) = (M1 ; M2 ; : : :) be the signature consisting of the monadic symbols occurring in Φ but not in σ (when this does not cause confusion, we write simply κ
instead of κ(Φ)). Set σ0 = σ[˙ κ. Let γ(Φ) denote the set of negated conjuncts that

occur in Φ. Let γ 2 γ(Φ). Denote by Xγ , the set of first-order variables that occur
in the negated conjunct γ.

Let Φ be a sentence of MMSNP. For any negated conjunct γ = :(α ^ β) in
γ(Φ):
(i )

if an atom occurs once positively and once negatively in β then discard γ;
and

(ii)

if an atom occurs more than once in γ then remove all occurrences of this
atom in γ but one.

The sentence hence obtained is clearly equivalent to the original.
From now on, we only ever consider sentences for which this transformation has
been carried out.
A partial order over negated conjuncts Let X be a set of variables. We define
a binary relation -σ0 over the set of conjunctions of atoms involving relational
symbols from some signature σ0 . Let δ1 and δ2 be two conjunctions of atoms
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involving relational symbols from σ0 and variables from X . Let i be a bijective
mapping of X to X . Denote by i(δ1 ) the conjunction obtained by replacing every
variable x occurring in δ1 by its image via i. We set δ1 -σ0 δ2 whenever there
exists a bijective mapping i of X to X such that i(δ1 ) is a subconjunction of δ2 .
Clearly, this binary relation is a partial order. If δ1 -σ0 δ2 then we say that δ1
is a subconjunction of δ2 up to a renaming of variables. If both δ1 -σ0 δ2 and

δ2 -σ0 δ1 then we write δ1 σ0 δ2 . Note that σ0 is an equivalence relation.

This partial order induces a partial order over the negated conjuncts of a sentence of MMSNP. Let Φ be a sentence of MMSNP. Let γ1 = :(α1 ^ β1 ) and
γ2 = :(α2 ^ β2 ), in γ(Φ), be two negated conjuncts. If α1 ^ β1 -σ0 α2 ^ β2 then

we write that γ1 is a sub-negated-conjunct (up to a renaming of variables) of γ2 .
If γ1 is not a sub-negated-conjunct of γ2 for any two distinct negated conjuncts γ1
and γ2 in γ(Φ) then we write that Φ is simplified.

Simplifying a sentence Let Φ be a sentence of MMSNP. Discard all the negated
conjuncts γ in γ(Φ) that are not minimal with respect to the partial order defined
previously, keeping only one occurrence of a negated conjunct for each equivalence class. Since up to a permutation of the variable names, there is a unique
sentence obtained in this way, by an abuse of notation we speak of the sentence
obtained from Φ by simplification, and we denote it by Simp(Φ).
Lemma 3.1 Let Φ be a sentence of MMSNP. Then Simp(Φ) is a sentence of MMSNP that is simplified and is equivalent to Φ.
P ROOF. Let Φ be a sentence of MMSNP that is not simplified; i.e. there are two
distinct negated conjuncts γ1 = :(α1 ^ β1 ) and γ2 = :(α2 ^ β2 ) in γ(Φ), and there

exists a bijective mapping i of Xγ1 to Xγ2 such that i(α1 ^ β1 ) is a subconjunction
of α2 ^ β2 . The sentence Φ is of the form:

9M̄8x̄(φ ^ γ1 ^ γ2 ):
It is equivalent to:

9M̄8x̄φ ^8x̄γ1 ^8x̄γ2:
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Since i is a bijection, renaming the variables we obtain equivalently:

9M̄8x̄φ ^8x̄:(i(α1 ^ i(β1)) ^8x̄γ2 :
The previous sentence is clearly equivalent to the following sentence:

9M̄8x̄φ ^8x̄(:(i(α1) ^ i(β1)) ^:(α2 ^ β2)):
We can rewrite it as follows:

9M̄8x̄φ ^8x̄:((i(α1) ^ i(β1)) _ (α2 ^ β2)):
Since (i(α1) ^ i(β1 )) is a subconjunction of (α2 ^ β2 ), we obtain equivalently:

9M̄8x̄φ ^8x̄:(i(α1) ^ i(β1)):
Renaming the variables via the inverse of the bijection i, we get:

9M̄8x̄φ ^8x̄γ1:
The previous sentence is finally equivalent to

9M̄8x̄(φ ^ γ1):
This sentence is clearly a sentence of MMSNP and is equivalent to the original
sentence Φ, and can be obtained from Φ by discarding the negated conjunct γ2 that
is not minimal. Since Simp(Φ) is simplified by construction and can be obtained
via an iteration of the above basic simplification, the result follows.



In the following, we shall give some examples of this construction.
E XAMPLE .

Recall the sentence Φ1 of MMSNP that expresses the problem T RI -F REE

introduced in Section 2.4.1:

8x(:E (x; x))
^8x8y8z(:(E (x; y) _ E (y; x)) _:(E (x; z) _ E (z; x)) _:(E (y; z) _ E (z; y))):
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It is not simplified and contains in fact only two types of negated conjuncts apart from

:E (x; x):


γ1 := :`1 (x; y; z) = :(E (x; y) ^ E (x; z) ^ E (y; z)); and



γ3 := :`2 (x; y; z) = :(E (x; y) ^ E (z; x) ^ E (y; z)).

For example γ2 := :`1 (x; z; y) = :(E (x; y) ^ E (x; z) ^ E (z; y)) is equivalent to γ1 : indeed:
(E (x; y)

^ E (x; z) ^ E (y; z)) -σ

2

(E (x; y)

^ E (x; z) ^ E (z; y))

(E (x; y)

^ E (x; z) ^ E (y; z))

via the permutation (y; z); and
(E (x; y)

^ E (x; z) ^ E (z; y)) -σ

2

via the inverse of the permutation (y; z) (that is (y; z) itself). Another example is γ4 :=

:`1(z; y; x) = :(E (x; y) ^ E (z; x) ^ E (z; y)) that is also equivalent to γ1 : indeed,
(E (x; y)

^ E (x; z) ^ E (y; z)) -σ

2

(E (x; y)

^ E (z; x) ^ E (z; y))

(E (x; y)

^ E (x; z) ^ E (y; z))

via the permutation (x; z; y); and,
(E (x; y)

^ E (z; x) ^ E (z; y)) -σ

2

via the permutation (z; x; y).
Hence, we finally have:
Simp(Φ1 ) = 8x8y8z:E (x; x) ^:`1 (x; y; z) ^:`2 (x; y; z):
As a second example, consider the following sentence Φ2 of MMSNP that expresses
the problem N O -M ONO -T RI that we introduced in Section 2.4.1 (it is not exactly the
sentence given there, but an equivalent sentence rewritten in a similar way as for the case
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of the problem T RI -F REE).

9C8x8y8z :E (x; x) ^:(`1(x; y; z) ^ w(x; y; z)) ^:(`1 (x; z; y) ^ w(x; y; z))
^:(`2(x; y; z) ^ w(x; y; z)) ^:(`1 (z; y; x) ^ w(x; y; z))
^:(`1(y; x; z) ^ w(x; y; z)) ^:(`2 (y; x; z) ^ w(x; y; z))
^:(`1(y; z; x) ^ w(x; y; z)) ^:(`1 (z; y; x) ^ w(x; y; z))
^:(`1(x; y; z) ^ b(x; y; z)) ^:(`1 (x; z; y) ^ b(x; y; z))
^:(`2(x; y; z) ^ b(x; y; z)) ^:(`1 (z; y; x) ^ b(x; y; z))
^:(`1(y; x; z) ^ b(x; y; z)) ^:(`2 (y; x; z) ^ b(x; y; z))
^:(`1(y; z; x) ^ b(x; y; z)) ^:(`1 (z; y; x) ^ b(x; y; z));
where:
w(x; y; z) := C(x) ^ C(y) ^ C(z) and b(x; y; z) := :C(x) ^:C(y) ^:C(z):
We proceed as in the previous case and we get Simp(Φ2 ):

8x8y8z :E (x; x) ^:(`1(x; y; z) ^ w(x; y; z)) ^:(`2 (x; y; z) ^ w(x; y; z))
^:(`1(x; y; z) ^ b(x; y; z)) ^:(`2 (x; y; z) ^ b(x; y; z))
N
Let X be a set of variables. A conjunction β of positive or negative atoms
involving the monadic symbols from κ and the variables from X is said to be
a complete colouring of X with respect to κ if for any variable x in X and any
predicate M in κ, either M (x) occurs in β or :M (x), but not both. Let Φ be a
sentence of MMSNP. If β is a complete colouring of Xγ with respect to κ(Φ) for

every forbidden conjunct γ := :(α ^ β) in γ(Φ) then we say that Φ has complete
colourings.

Let X be a set of variables. Let K be the set of complete colourings of one
variable x in X with respect to κ. We call an equivalence class of K for κ a
κ-colour, or simply colour when this does not cause confusion.
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Let Φ be a sentence of MMSNP.

For any negated conjunct γ = :(α ^ β) in γ(Φ), if the β-part of γ is not a complete
colouring of Xγ relative to κ then there exist a variable x in Xγ and a monadic
symbol M in κ, such that neither M (x) nor :M (x) occur in β. Replace γ by the two
following negated conjuncts :(α ^ β ^ M (x)) and :(α ^ β ^:M (x)). Repeat this
process until a fixed point is reached and denote the new sentence by Comp(Φ).
Lemma 3.2 Comp(Φ) is a well-defined sentence of MMSNP that has complete
colourings and that is equivalent to Φ.
P ROOF. Comp(Φ) is well defined since a fixed point must be reached after finitely
many steps (κ(Φ) is finite). Comp(Φ) is a sentence of MMSNP equivalent to
Φ because at each step the sentence obtained is a sentence of MMSNP and is
equivalent to the sentence from the previous stage (note that 9M̄ 8x̄γ is logically

equivalent to the sentence 9M̄ 8x̄:(α ^ β ^ M (x)) ^:(α ^ β ^:M (x))).
We say that a sentence of MMSNP that is both simplified and has complete
colourings is a good sentence of MMSNP.
Proposition 3.3 Let Φ be a sentence of MMSNP. Then Simp(Comp(Φ)) is a
good sentence of MMSNP that is equivalent to Φ. Moreover
Simp(Comp(Simp(Φ))) = Simp(Comp(Φ)):
P ROOF. By Lemma 3.2 Φ is equivalent to Comp(Φ), which has complete colourings. By Lemma 3.1 Comp(Φ) is equivalent to Simp(Comp(Φ)), which is simplified. The latter also has complete colourings, since it is obtained by discarding
some negated conjuncts from the former. This proves the first assertion.
The second assertion follows from the fact that if a simplification is carried
out before completing the colourings, it can still be carried out afterwards. Let
γ1 = :(α1 ^ β1 ) and γ2 = :(α2 ^ β2 ) be two distinct negated conjuncts from γ(Φ)

such that (α1 ^ β1 ) -σ0 (α2 ^ β2 ) via some bijection i of Xγ1 to Xγ2 : i.e. γ2 does
not appear in Simp(Φ). Moreover, assume that β1 is not a full colouring, that is
that there exists some variable x in Xγ1 and some monadic predicate M in κ(Φ)
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such that neither M (x) nor :M (x) occur in β1 . Then either M (i(x)) or :M (i(x))
or neither of them occur in β2 . Hence in the two first cases, either
(α1

^ β1 ^ M(x)) -σ0 (α2 ^ β2 ) or (α1 ^ β1 ^:M(x)) -σ0 (α2 ^ β2 );

that is, a completion of the colouring of γ1 is a sub-negated-conjunct of γ2 via i.
In the third case
(α1

^ β1 ^ M(x)) -σ0 (α2 ^ β2 ^ M(x))
and

(α1

^ β1 ^:M(x)) -σ0 (α2 ^ β2 ^:M(x));

that is, the completions of the colouring of γ1 in the variable x and the monadic
predicate M are respective sub-negated-conjuncts of the completions of γ2 in the
variable i(x) and the monadic predicate M via i. Thus in any case, the completions
of the colouring of γ2 in Comp(Φ) do not appear in Simp(Comp(Φ)).



Notice however that
Comp(Simp(Φ)) = Simp(Comp(Φ))
does not hold in general, since completing a simplified sentence might yield new
simplifications. We shall provide an example for this in the following.
E XAMPLE .

The sentence Simp(Φ1 ) is a trivial example of a good sentence as it is a

first-order formula.
Consider as another example of a good sentence the sentence Comp(Simp(Φ2 )):

9C 8x8y8z:(`1(x; y; z) ^ w(x; y; z)) ^:(`2 (x; y; z) ^ w(x; y; z))
^:(`1(x; y; z) ^ b(x; y; z)) ^:(`2 (x; y; z) ^ b(x; y; z))
^:(E (x; x) ^ C(x)) ^:(E (x; x) ^:C(x)):
Indeed, in this particular case, there is no need for further simplification. However, this
shall not be the case for our next example.
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Consider the sentence that expresses the problem T RI -F REE -T RI introduced in Section 2.4.1: it can be rewritten as the following equivalent sentence Φ3 of MMSNP:

9R9W 9B8x8y8z

:(R(x) ^ W (x)) ^:(R(x) ^ B(x)) ^:(W (x) ^ B(x))
^:E (x; x)
^:(E (x; y) ^ R(x) ^ R(y)) ^:(E (y; x) ^ R(x) ^ R(y))
^:(E (x; y) ^ W (x) ^ W (y)) ^:(E (y; x) ^ W (x) ^ W (y))
^:(E (x; y) ^ B(x) ^ B(y)) ^:(E (y; x) ^ B(x) ^ B(y))
^:`1(x; y; z) ^:`1 (x; z; y) ^:`2 (x; y; z) ^:`1 (z; y; x)
^:`1(y; x; z) ^:`2 (y; x; z) ^:`1 (y; z; x) ^:`1 (z; y; x)

We want to find a good sentence of MMSNP expressing T RI -F REE -T RI. First simplify
the sentence; Simp(Φ3 ) is

9R9W 9B8x8y8z

:(R(x) ^ W (x)) ^:(R(x) ^ B(x)) ^:(W (x) ^ B(x))
^:E (x; x)
^:(E (x; y) ^ R(x) ^ R(y)) ^:(E (x; y) ^ W (x) ^ W (y))
^:(E (x; y) ^ B(x) ^ B(y)) ^:`1(x; y; z) ^:`2 (x; y; z)
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Then, complete its colourings and simplify the sentence to obtain the good sentence
Simp(Comp(Simp(Φ3 ))) of MMSNP as follows:

9R9W 9B8x8y8z

where:

:(R(x) ^ W (x) ^:B(x)) ^:(R(x) ^ W (x) ^ B(x))
^:(R(x) ^:W (x) ^ B(x)) ^:(:R(x) ^ W (x) ^ B(x))
^:(E (x; x) ^ r(x)) ^:(E (x; x) ^ w(x)) ^:(E (x; x) ^ b(x))
^:(E (x; y) ^ r(x) ^ r(y)) ^:(E (x; y) ^ w(x) ^ w(y))
^:(E (x; y) ^ b(x) ^ b(y))
^:(`1(x; y; z) ^ r(x) ^ w(y) ^ b(z))
^:(`1(x; y; z) ^ r(x) ^ b(y) ^ w(z))
^:(`1(x; y; z) ^ w(x) ^ r(y) ^ b(z))
^:(`1(x; y; z) ^ w(x) ^ b(y) ^ r(z))
^:(`1(x; y; z) ^ b(x) ^ r(y) ^ w(z))
^:(`1(x; y; z) ^ b(x) ^ w(y) ^ r(z))
^:(`2(x; y; z) ^ r(x) ^ w(y) ^ b(z))
r(x) := R(x) ^:W (x) ^:B(x)

b(x) := :R(x) ^ W (x) ^:B(x)

w(x) := :R(x) ^:W (x) ^ B(x)

We prove that Comp(Simp(Φ)) is not necessarily simplified. Consider the case of
Φ3 ; and, note that, e.g.,

:(R(x) ^ W (x) ^:B(x))

is a negated conjunct of Comp(Simp(Φ3 )) while,

:(`1(x; y; z) ^ R(x) ^ W (x) ^:B(x))
is a sub-negated-conjunct of some negated conjuncts of Comp(Simp(Φ3 )).

From now on, we shall only consider good sentences of MMSNP.

N
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3.1.2 Structure induced by a negated conjunct
Let Φ be a sentence of MMSNP. Let :(α ^ β) = γ 2 γ(Φ) be a negated conjunct
of this sentence.
Denote by Gα the σ-structure induced as follows:



its universe jGα j consists of the variables that occur in γ; and



for every r-ary relation symbol R in σ, define RGα as follows: for every
r-tuple x̄ of elements of jGα j, R(x̄) holds in Gα if, and only if, it occurs in
α.

We call the σ-structure Gα the structure induced by α.

Recall that σ0 = σ [ κ. In the following we usually denote σ0 -structures with a
0 (as in G0 ) to distinguish them from σ-structures. Let G0 be a σ0-structure. Recall

that the reduct of G0 over σ is the σ-structure G that; has the same domain as G0 ;
0
and, as relation RG for every relation symbol R in σ. Conversely, we say that G0
is an extension of G over σ0 .
G0γ is the extension of Gα over σ0 defined as follows.



0

for any monadic symbol M in κ, define M Gγ as follows: for any x in jG0γ j,
M (x) holds in G0γ if, and only if, M (x) occurs as an atom in β.

We call the σ0 -structure G0γ the structure induced by γ.

3.1.3 Connected and biconnected structures
We shall be concerned with a generalisation of the graph-theoretic notions of connectivity and biconnectivity for arbitrary relational structures.

Let t be some finite tuple: we denote by ft g the set of elements occurring in t.

Let A be a σ-structure and u and v be two elements of jAj. If there exist n > 0
and n tuples t0 ; t1 ; : : :; tn 1 of respective arities ri0 ; ri1 ; : : : ; rin 1 such that:



Ri0 (t0); : : : ; Rin

2(

tn

2)

and Rin

 u 2 ft0g, v 2 ftn 1g; and

1 ( in

t

1)

hold in A;
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for any 0  j  n

ft j 1g,

2, there exists u j in jAj such that u j

2 ft j g and u j 2

+

then we say that t0 ; t1; : : : ; tn 1 form a path of length n from u to v.
The structure A is said to be connected if, and only if, for any distinct u and v in
jAj, there exists a path from u to v.

Let A be a connected σ-structure. A is said to be 1-connected if, and only if, there
exists some u in jAj and a pair (P0 ; P1 ) of induced substructures of A satisfying

 jP0j\jP1j = fug;
 jP0j[jP1j = jAj;
 size(Pi) := RΣ2σjRP j  1, for i = 0; 1; and
i



for every r-ary symbol R in σ, if RA (t ) holds then either RP0 (t ) holds or
RP1 (t ) holds, but not both.

We say that (P0 ; P1 ) forms a decomposition of A in the articulation point u. If
such a decomposition does not exist and that A is connected then A is said to be
biconnected.
A σ-structure A is said to be antireflexive if, and only if, for every r-ary symbol R

in σ, for any t 2 jAjr such that RA (t ) holds, all components of t are distinct.
A structure A is said to be monotuple if Σ jRA j = 1 (note that a monotuple conR2σ
nected structure is biconnected).
Let C be a monotuple structure such that RC (t ) holds for some r-ary symbol in σ
and some t 2 jCjr . If every element of the domain of C is mentioned in the tuple t
and that some element u occurs at least twice in the tuple t then we say that C is a
1-cycle. In other words, the structure C consists of a single tuple, which contains
an element u occurring at least twice: we call u an articulation point of the 1-cycle

C.
Let n > 1. Let C be a structure such that,



there exists n substructures P0 ; : : : ; Pn

1

of C with jCj =

Si

=n 1
i =0

jPij such

that:
– for any 0  i  n 2, there exist some xi 2 jCj with jPi j\jPi+1 j = fxi g;
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– there exist some xn

1

such that jP0 j\jPn

– for any 0  i < j < n such that i + 1 6= j



j fxn 1 g; and
/ and
mod n, jPi j\jPj j = 0;
1 =

for any 0  i < n, Pi is monotuple and there exists some ri -ary symbol Ri in
σ and some ȳ 2 jPi jri such that RPi (ȳ) and jȳj = ri and jPi j = fȳg,

We say that C is an n-cycle: furthermore, the xi ’s are called articulation points of
C; and, the Ri (ȳ)’s the tuples of the cycle C.
Let A be some σ-structure that contains a cycle as a substructure. Define the
girth of A as the least integer n  1 such that there exist an n-cycle C that is a
substructure of A. We write girth(A) := n. We extend this definition to acyclic
σ-structures (structures that do not contain any cycle as a substructure) by setting
girth(A) := ∞ for any acyclic structure A.
We shall need the following technical result later in this chapter. The proof
of this result can be found in [16]: it is an adaptation from Erdös’ construction of
graphs of arbitrary girth and chromatic number. This result is used to reduce an
instance of a problem in CSP to an instance without any “small” cycles: indeed,
the converse transformation we mentioned earlier (from the canonical constraint
satisfaction problem back to the MMSNP problem) can be guaranteed to be a
reduction for such instances.
Lemma 3.4 Let g; d > 0. For every σ-structure A, there exists a σ-structure B
with:

 jBj = jAjδ (where δg d is a function dependent only on g and d);
 girth(B)  g;
 B A; and
 for every σ-structure T with jT j  d,
g;d

;

A

T if, and only if, B

T:

Furthermore, B can be constructed from A in randomised polynomial time.
The definition of a ‘randomised polynomial time reduction’ can be found in
Appendix A.
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3.2 Conform sentence and CSP
Let Φ be a sentence of MMSNP. We say that Φ is conform if, and only if, every
negated conjunct γ 2 γ(Φ) is either of the form
1. γ = :(α ^ β); and, the structure induced by α is connected, monotuple and
antireflexive; or of the form
2. γ = :(β), where jXγ j = 1 and β is a complete colouring of Xγ with respect
to κ.
E XAMPLE . The following conform sentence can be considered as the realisation of the
abstract problem 3-C OL.

9M19M28x8y :(E (x; y) ^ M1(x) ^ M2(x) ^ M1(y) ^ M2(y))
^:(E (x; y) ^:M1(x) ^ M2(x) ^:M1(y) ^ M2(y))
^:(E (x; y) ^ M1(x) ^:M2(x) ^ M1(y) ^:M2(y))
^:(:M1(x) ^:M2(x))
The two monadic predicates M1 and M2 encode 4 colours, the fourth of which is forbidden

N

by the last negated conjunct.

Lemma 3.5 Every problem in CSP is expressible by a good sentence of MMSNP.
Moreover, every problem expressed by a conform sentence of MMSNP is in CSP.
P ROOF. We start with the first assertion. Let T be a σ-structure. Let κ be the
signature that consists of monadic symbols Mi that do not occur in σ, where i
ranges from 1 to jT j. The following sentence ΦT defines the problem CSP(T ) and
belongs to MMSNP:

9M̄ 8x̄ :( V :Mi(x0 )) ^ V :(Mi(x0) ^ M j (x0 ))
M 2κ
M M 2κ i6 j
V
W
^ (Rk (x̄) ) ϕk t (x̄))
i;

i

Rk 2σ

t 2RTk

j

(= )

;

where: x0 is a variable of x̄; Rk has arity rk ; t = (t1; t2; : : : ; trk ) and
ϕk;t (x̄) := Mt1 (x1 ) ^ : : : ^ Mtrk (xrk ):
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The existential monadic predicates M̄ represent the elements of jT j and the first

part of the sentence states that they associate one element of jT j with every element of an input structure A. The last part of the sentence says that this assignment
is a homomorphism. This sentence is not necessarily good. By Proposition 3.3 it
can be transformed into a good sentence that is logically equivalent.
We now prove the second assertion. Let Φ be a conform sentence of MMSNP.
Construct the σ-structure TΦ defined as follows:
1. jTΦ j consists of those κ-colours that are not forbidden by the sentence (that
is, that do not correspond to a negated conjunct of type (2) in the definition
of a conform sentence): i.e. set

jTΦj := fk κ-colourj8γ 2 γ(Φ)γ 6κ :k(x)g; and
2. for any r-ary symbol R in σ and any r-tuple t = (ki1 ; ki2 ; : : : ; kir ) of elements
of jTΦj, set R(t ) to hold, if, and only if, there is no negated conjunct γ in
γ(Φ) such that γ σ0 γt , where
γt

=

:(R(xi ; xi ; : : : ; xi ) ^ ki (xi ) ^ ki (xi ) ^ : : : ^ ki (xi )):
1

2

r

1

1

2

2

r

r

We now prove that TΦ is a template for the problem expressed by the sentence Φ.

Let A be a σ-structure and A0 an extension of A that mentions only colours
from jTΦ j (that is, the colours allowed by the sentence Φ). We can clearly restrict ourselves to such extensions: indeed, A j= Φ if, and only if, there exists an
extension A0 of A to σ0 , such that

A0 j= 8x̄

^

γ:

This is equivalent to: there exists an extension A0 that mentions only colours from
jTΦj such that
A0 j= 8x̄

^

γ:

γ not of type (2)

Note that such an extension A0 induces a mapping h of jAj to jTΦ j: map any
v in jAj to its κ-colour in A0 . Conversely, such a mapping h induces an extension
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A0 of A over σ0 as follows: for any v in jAj, set k(v) to hold in A0 , where k is the

κ-colour given by h(v) = k.

We show that h is a homomorphism if, and only if,
A0 j= 8x̄

^

γ:

γ not of type (2)

Suppose that h is a homomorphism. Let γ be one of the negated conjuncts of
type (1) in γ(Φ). It follows that
γ σ0 γt

=

:(R(xi ; xi ; : : :; xi ) ^ ki (xi ) ^ ki (xi ) ^ : : : ^ ki (xi ))
1

2

r

1

1

2

2

r

r

via some bijection i (renaming of the variables). Let π : Xγ ! jA0 j be some assign-

ment. We must have A0 j= γ(x̄=π(x̄)): otherwise, we would have

A0 j= R(π Æ i(xi1 ); : : :; π Æ i(xir )) ^ ki1 (π Æ i(xi1 )) ^ : : : ^ kir (π Æ i(xir )):
Hence, there would be a tuple t = (π Æ i(xi1 ); : : : ; π Æ i(xir )) such that RA (t ) holds
and R(h(t )) does not hold in TΦ , where h(t ) = (ki1 ; : : : ; kir ). A contradiction.
Conversely, assume that
A0 j= 8x̄

^

γ:

γ not of type (2)

Let t be a r-tuple of elements of jAj, let X = fxi1 ; xi2 : : : :; xir g be a set of variables
and let π : X ! jAj be a mapping given by xi j 7! t [ j℄; (1  j  r). If A j= R(x̄=π(x̄))
then there can not be a negated conjunct of type (1) γ in γ(Φ) such that γ σ0 γh(t ) :
otherwise, we would have
A0 6j= γh(t ) (x̄=h Æ π Æ i

1

(x̄));

where i : Xγ ! Xγh(t ) is a bijective mapping witnessing that γ σ0 γh(t ) . Therefore,

by construction of TΦ , we must have TΦ j= R(x̄=h Æ π(x̄)).
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3.3 A problem in CSP computationaly equivalent to
N O -M ONO -T RI
The remaining sections of this chapter will lead to a proof of Feder and Vardi’s
theorem. This proof might seem rather involved to some readers: so, in the present
section we construct a problem in CSP that is computationaly equivalent to N O M ONO -T RI (in the line of the forthcoming proof). We have seen in the example in
the last paragraph of Section 3.1.1 that the problem N O -M ONO -T RI is expressed
by the following good sentence of MMSNP:

9C8x8y8z :(`1(x; y; z) ^ w(x; y; z)) ^:(`2(x; y; z) ^ w(x; y; z))
^:(`1(x; y; z) ^ b(x; y; z)) ^:(`2(x; y; z) ^ b(x; y; z))
^:(E (x; x) ^ C(x)) ^:(E (x; x) ^:C(x)):
Notice that in this sentence, replacing 8x8y8z by 8x8y8z(x 6= y) ^ (x 6= z) ^ (y 6= z),
leads to a sentence that is logically equivalent. Let τ be the signature consisting of
three symbols: two ternary symbols R1 and R2 and a unary symbol R3 . Consider
the following sentence Ψ over τ:

9C8x8y8z :(R1(x; y; z) ^ w(x; y; z)) ^:(R2(x; y; z) ^ w(x; y; z))
^:(R1(x; y; z) ^ b(x; y; z)) ^:(R2(x; y; z) ^ b(x; y; z))
^:(R3(x) ^ C(x)) ^:(R3(x) ^:C(x)):
Let PΨ be the problem expressed by Ψ. We refer the reader to Appendix A for the
definition of an interpretation. N O -M ONO -T RI can be reduced to the problem PΨ
via the following interpretation Π of τ in σ of width one:
Π := (φ1 ; φ2 ; φ3 )
where

φ1 := x 6= y ^ x 6= z ^ y 6= z ^ `1 (x; y; z);
φ2 := x 6= y ^ x 6= z ^ y 6= z ^ `2 (x; y; z) and φ3 := E (x; x):
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Note that the sentence Ψ is conform, thus by Lemma 3.5 PΨ belongs to CSP and
according to the proof of this lemma, the τ-structure T defined as follows can be
considered as a template for PΨ :

 jT j := fb; wg;


RT1 := jT j3 nf(b; b; b); (w; w; w)g;



RT2 := jT j3 nf(b; b; b); (w; w; w)g; and



/
RT3 := 0.

Let Π
ψ :=

1 := (ψ)

be the first-order interpretation of σ in τ of width one, where

9z(R1(x; y; z) _ R1(x; z; y) _ R1(z; x; y) _ R2(x; y; z) _ R2(y; z; x) _ R2(z; x; y))
_(x = y ^ (R3 (x)):

We work over different signatures in the following: so, when we give a structure, we write its signature as a superscript (as in Aτ ).
Fact 3.6 Let Aτ be an antireflexive τ-structure and let Bτ := Π(Π
girth(Aτ ) > 3 then Bτ j= Ψ if, and only if, Aτ j= Ψ.

1 (Aτ )).

If

P ROOF. Aτ is a substructure of Bτ : hence, the direct implication holds (problems
in MMSNP are closed under inverse homomorphism).
0

We now prove the converse implication. Let Aτ be a valid extension of Aτ
0

with respect to Ψ: that is, Aτ is a model of the first-order part of Ψ. Consider the
0
0
extension Bτ of Bτ induced by the extension Aτ of Aτ (recall that the structures
share the same domain as we consider width one interpretations). Call informally
‘new tuples’ the tuples of Bτ that were not present in Aτ . We only need to check
the validity of the extension over those new tuples: there are different cases to
consider.
1. A new tuple belongs to R1 : that is, there exist some a; b and c such that
τ
τ
τ
RB1 (a; b; c) holds and RA1 (a; b; c) does not hold. Since RB1 (a; b; c) holds
then a 6= b ^ a 6= c ^ b 6= c ^ `1 (a; b; c) holds in Π 1 (Aτ ). In particular,
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E (a; b) holds in Π

1 (Aτ )

and a 6= b: thus, according to the definition of

Π 1 , there exist some d1 in jAτ j such that some tuple t1 holds in Aτ and
involves the elements d1 ; a and b. Similarly for E (b; c) and E (a; c), there
exist two further elements, say d2 and d3 and two tuples t2 and t3; where
the tuple t2 involves d2 ; b and c; and, the tuple t3 involves d3 ; a and c. We
now prove that the tuples t1, t2 and t3 coincide. We must have d1 6= a and

d1 6= b (otherwise t1 is a 1-cycle contradicting the fact that girth(Aτ ) > 3).
Similarly, we must have d2 6= b; d2 6= c; d3 6= a and d3 6= c. If t1 is different
from t2 then d1 6= d2 (otherwise t1 and t2 would form a 2-cycle). Similarly

for the tuples t2 and t3 and the tuples t1 and t3 , this implies d2 6= d3 and
d1 6= d3 . Thus, if the tuples t1 ; t2 and t3 were pairwise distinct then we would
have a 3-cycle (which can not happen since girth(Aτ ) > 3). So, we proved
that t1 ; t2 and t3 are the same tuple. This enforces d1 = c; d2 = a and d3 = b.
Hence, we now know that there exists only one tuple in Aτ that involves a; b

and c. Since a 6= b ^ a 6= c ^ b 6= c ^ `1 (a; b; c) holds in Π 1 (Aτ ) this tuple
τ
can only correspond to a tuple in some relation RA whose interpretation
in σ includes the interpretation of R1 in σ up to a renaming of variables.
The relation R1 is the only one that satisfies this criteria: it follows that
τ
RA1 (a; b; c) holds. This yields a contradiction.
2. A new tuple belongs to R2 . This case is similar to the previous one.
τ

3. A new tuple belongs to R3 : that is, there exists some a such that that RB3 (a)
τ
τ
1 τ
holds and RA3 (a) does not hold. Since RB3 (a) holds then E Π (A ) (a; a)
holds. There can not be any element d such that the first part of ψ is satisfied: this would mean that a tuple that involves d and a repeated twice
τ
τ
would occur in RA1 or RA2 (recall that Aτ is antireflexive as by assumption
girth(Aτ ) > 3). Hence, according to the definition of Π 1 , we must have
τ
RA3 (a). This yields a contradiction.

There are no new tuples, thus the converse implication holds.



Remark. Note that we really proved the following. If girth(Aτ ) > 3 then Bτ and
Aτ coincide. However, this shall not be true in the general case.
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It follows from this fact and from Lemma 3.4 that PΨ

= CSP(T )

can be re-

duced to N O -M ONO -T RI via a randomised polynomial time reduction: first, use
the randomised reduction from the lemma to get an equivalent structure of girth
greater than 3; then, use Π 1 . Hence, we can state the following corollary of
Feder and Vardi’s theorem for the problem N O -M ONO -T RI .
Corollary 3.7 There exists a structure T such that:



N O -M ONO -T RI reduces to CSP(T ) via qfps; and

 CSP(T ) reduces to NO-MONO-TRI in randomised polynomial-time.
notation.

Let x̄ := x0 ; x1 ; : : : ; xn

1.

We write 86= x̄φ, as an abbreviation for:

^

8x̄(

xi 6= x j φ):

0i< j<n

Remark.

Before we move onto the proof of Feder-Vardi’s theorem, we shall

make some remarks on the sentence Φ (used previously as the defining sentence
of the problem N O -M ONO -T RI). Recall that Φ is the following sentence.

9C8x8y8z :(`1(x; y; z) ^ w(x; y; z)) ^:(`2(x; y; z) ^ w(x; y; z))
^:(`1(x; y; z) ^ b(x; y; z)) ^:(`2(x; y; z) ^ b(x; y; z))
^:(E (x; x) ^ C(x)) ^:(E (x; x) ^:C(x)):
Note that the sentence Φ has the following key properties:
1. Φ is a good sentence;
2. The sentence obtained by replacing 8x8y8z in Φ by 8=
6 x; y; z is equivalent
to Φ; and
3. for any negated conjunct γ = :(α ^ β) in γ(Φ), the structure induced by α
is biconnected and the structure induced by γ is connected.
(1) is necessary to ensure that Lemma 3.5 can be used to prove that the new sentence Ψ expresses a problem that is a CSP. Each symbol in τ corresponds to the
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α-part of a negated conjunct of Φ. (2) is necessary to ensure that (3) makes sense
together with Lemma 3.4 in the proof of Fact 3.6: that is, for structures of girth
greater than 3, Π 1 is a reduction from PΨ to N O -M ONO -T RI. Indeed, the existence of cycles is derived from the fact that we have biconnected structures (which
make sense only if the variables can not be identified). In Section 3.4.1, we shall
introduce the notion of a ‘collapsed’ sentence of MMSNP, that corresponds to
(2); and, in Section 3.4.2, the notion of a ‘biconnected’ sentence of MMSNP, that
corresponds to (3).

3.4 Transforming a sentence into a special form
In this Section we transform a sentence of MMSNP into a special form: this special form is used in the proof of Theorem 2.7. There are two main steps: first,
we collapse the sentence of MMSNP; that is, we transform the original sentence
into an equivalent sentence where the sequence of universal first order quantifiers
8x8y : : : are replaced by the variant 86=x; y whose semantic is “for every choice of
distinct elements of the structure x, y,...” (cf. previous Section). Secondly, we
split each negated conjunct of this collapsed sentence into its biconnected components. This transformation is quite trivial in the case of a negated conjunct that
has disjoint components; it involves introducing new nullary predicates (basically
it corresponds to a transformation of a MMSNP problem into the union of connected MMSNP problems). However, it is slightly more subtle in the case of a
1-connected negated conjunct that is not biconnected and that is split along some
articulation point; it involves the introduction of a new monadic predicate.

3.4.1 Collapsed sentences
Later on we shall need the notion of a biconnected negated conjunct; this makes
sense only if we deal with sentences where the first-order variables within a
negated conjunct can not be identified. In other words, we want to restrict ourselves to injective assignment when checking the satisfiability of a sentence.

Let Φ be a sentence of MMSNP. If the sentence obtained by replacing 8x̄ in Φ
by 86= x̄ is equivalent to Φ then we say that Φ is collapsed.
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collapsing a sentence

Let Φ be a sentence of MMSNP. Let γ be some negated

conjunct occurring in Φ and let m be some mapping of Xγ to Xγ . Denote by m(γ)
the negated conjunct obtained from γ by replacing in γ every first order variable x
in Xγ by its image m(x) and removing redundancies. For every negated conjunct γ

in Φ and for every mapping m : Xγ ! Xγ , add to the sentence all negated conjuncts
m(γ) that are not trivially true 1 . Simplify this sentence and denote it by Coll(Φ).
Lemma 3.8 If Φ is a good sentence of MMSNP then Coll(Φ) is a good sentence
of MMSNP that is collapsed and equivalent to Φ.
P ROOF. Notice that if γ had a complete colouring relatively to κ then so has m(γ).
Thus Coll(Φ) is a good sentence of MMSNP.

By construction, for any σ-structure A, if A j= Coll(Φ) then A j= Φ (as Coll(Φ)
is obtained from Φ by adding negated conjuncts).
0

Conversely, suppose that A j= Φ. Then, there exists an extension Aσ of A
0

to σ0 such that for any assignment π : X ! jAj, Aσ j= φ(x̄=π(x̄)), where φ is the
quantifier-free first-order part of the formula Φ. We shall show now for any as0
signment π : X ! jAj, Aσ j= ψ(x̄=π(x̄)), where ψ is the quantifier-free first-order

part of Coll(Φ). Let γ be some negated conjunct in Φ and m : Xγ ! Xγ be some
mapping such that m(γ) occurs in ψ. Let π : X ! jAj. Since A j= Φ, it follows that
0

Aσ

j= γ(x̄=π Æ m(x̄)). Hence, Aσ0 j= m(γ)(x̄=π(x̄)). Thus, A j= Coll(Φ).

It remains to show that the construction yields a collapsed sentence: that is,
we show that after this construction, we can restrict ourselves to assignments to
the first-order variables that do not identify any two variables occurring in the
same negated conjunct. More precisely, A j= Coll(Φ) if, and only if, there ex0
ists an extension Aσ such that for any negated conjunct γ in γ(Coll(Φ)) and
0

for any one-to-one π : Xγ ! jAj, we have Aσ j= γ(x̄=π(x̄)). The direct implication is clear. For the converse, we have to show, that this holds for assignments
that are non-injective. Let π : Xγ ! Xγ be a non-injective mapping. Denote by
R(π) := f(x; y) 2 Xγ2 jπ(x) = π(y)g the equivalence relation associated with π. Take
some representatives for each equivalence class. Denote by ẋ the representative
1 By

this we mean a negated conjunct satisfying the condition (ii) in the first paragraph of
Section 3.1.1.
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! Xγ be the mapping defined as follows. m(x) = ẋ. By
j= m(γ)(x̄=π Æ m(x̄)). Hence, Aσ0 j= γ(x̄=π(x̄)). Thus, the result


of x. Then, let m : Xγ
assumption, A
follows.

σ0

To illustrate the above construction, consider the following example.
E XAMPLE . Let Ψ be the following sentence of MMSNP:

9C8x8y8z :(`1(x; y; z) ^ w(x; y; z)) ^:(`2 (x; y; z) ^ w(x; y; z))
^:(`1(x; y; z) ^ b(x; y; z)) ^:(`2 (x; y; z) ^ b(x; y; z)):
Then Coll(Ψ) is the following sentence:

9C8x8y8z :(`1(x; y; z) ^ w(x; y; z)) ^:(`2 (x; y; z) ^ w(x; y; z))
^:(`1(x; y; z) ^ b(x; y; z)) ^:(`2 (x; y; z) ^ b(x; y; z))
^:(E (x; x) ^ C(x)) ^:(E (x; x) ^:C(x)):
Notice that this is a sentence of MMSNP that expresses the problem N O -M ONO -T RI;
and, moreover that this is the sentence we used previously to find an equivalent problem
in CSP.

N

3.4.2 Biconnected sentences
Let Φ be a sentence of MMSNP. If Gα is connected (respectively biconnected)
for every negated conjunct γ = :(α ^ β) in γ(Φ) then we say that Φ is connected
(respectively biconnected).
We extend the logic MMSNP by allowing existential quantification over nullary predicates and call MMSNP with nullary predicates this new logic; all the
notions introduced in this chapter; that is, the notion of a simplified sentence, of a
sentence with full colourings etc, are naturally extended.

Lemma 3.9 Let Φ be a good sentence of MMSNP. Then, there exists a good biconnected sentence Ψ in MMSNP with nullary predicates that is equivalent to
Φ.
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The remainder of this section is devoted to the proof of this result.
Let Φ be a good sentence of MMSNP. We shall construct an equivalent sentence Ψ that is good and biconnected. There are different cases to consider. From
now on, we denote by Φ the sentence equivalent to the original MMSNP sentence
and that has been obtained up to this point of the construction, and we denote by
Ψ the (to be shown) logically equivalent new sentence. As long as there exists a
negated conjunct γ that is not biconnected, we proceed as follows, depending on
γ’s form:
1. disjoint case: γ = :(δ0 (x̄) ^ δ1 (ȳ)) with fx̄g and fȳg disjoints.
We introduce a new existential nullary predicate p (i.e. a Boolean variable)
and replace γ by (δ0 (x̄) ) p) ^ (δ1 (ȳ) ) : p).
Fact 3.10 The new sentence is equivalent.
˙ pg.
P ROOF. Let Aσ be a σ-structure. Suppose that Aσ j= Φ. Let σ00 := σ0 [f
0

0

Then there exists an extension Aσ of Aσ such that Aσ j= 8x̄8ȳφ, where φ
0
denotes the quantifier-free first-order part of Φ. In particular, Aσ j= 8x̄8ȳγ.

Thus it can not be the case that there exist some π : Xγ ! jAj such that
0
0
0
both Aσ j= δ0 (x̄=π(x̄)) and Aσ j= δ1 (x̄=π(x̄)). Extend Aσ as follows: if
0
there exist some π : Xγ ! jAj such that Aσ j= δ0 (x̄=π(x̄)) holds then set
σ00

σ00

00

pA := true, otherwise set pA := false. Clearly Aσ witnesses that Aσ j=
00
Ψ. Conversely, assume that Aσ j= Ψ. Then there exist some extension Aσ
00
such that Aσ j= 8x̄8ȳψ, where ψ denotes the quantifier-free first-order part
0

00

0

of Ψ. Let Aσ denotes the reduct of Aσ to σ0 . We finally show that Aσ j=
00
8x̄8ȳφ: w.l.o.g. pAσ = true thus for any assignment π : Xγ ! jAj, we have
0

Aσ

j= :δ1 (ȳ) hence Aσ0 j= :γ.

2. 1-connected case: γ = :(δ0 (x̄; z) ^ δ1 (ȳ; z)), with x̄ and ȳ disjoints.



We replace γ by δ0 (x̄; z) ) Mγ (z)) ^ (δ1 (ȳ; z) ) :Mγ (z)) and introduce a
new existential monadic predicate Mγ .
Fact 3.11 The new sentence is equivalent.
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0
P ROOF. A j= Φ if, and only if, there exists an extension Aσ of A on σ0

such that for each negated conjunct γ in γ(Φ) and for every assignment
0
0
π : Xγ ! jAj, Aσ j= γ(x̄=π(x̄)). Let σ00 be σ0 [ fMγ g. Extend Aσ on σ00 as
follows. set
MγA

0

:= fz 2 jAj such that Aσ

j= 9x̄δ0 (x̄; z)g:

! jAj. By definition of Aσ00 , we have

Now, let π0 : Xδ0
00

j= :(δ0(x̄=π0(x̄); z=π0(z)) ^:Mγ(z=π0(z))):

Aσ
Let π1 : Xδ1

σ00

! jAj. We must have
00

j= :(δ1(x̄=π1(x̄); z=π1(z)) ^ Mγ(z=π1(z)));

Aσ
otherwise,

00

j= δ1(x̄=π1(x̄); z=π1(z)) ^ Mγ(z=π1(z)):
00
0
Hence, by definition of Mγσ , we would have Aσ j= 9x̄δ0 (x̄; z=π1(z)), that
0
is there exists some π0 : Xδ ! jAj with π0 (z) := π1 (z) such that Aσ j=
δ0 (x̄=π(x̄); z=π(z)). Hence, we would have some π : Xγ ! jAj induced by π0
Aσ

0

and π1 such that

0

j= δ0 (x̄=π(x̄); z=π(z)) ^ δ1(ȳ=π(ȳ); z=π(z));

Aσ

a contradiction. It follows that A j= Ψ.
00

Conversely, A j= Ψ if, and only if, there exists some extension Aσ of A over

σ00 such that for all negated conjunct γ in γ(Ψ), and for all π : Xγ
00
Aσ j= γ(x̄=π(x̄)). In particular, for any π : Xγ ! jAj.
00

j= :(δ0(x̄=π(x̄); z=π(z)) ^:Mγ(z=π(z)))

00

j= :(δ1 (x̄=π(x̄); z=π(z)) ^ Mγ(z=π(z))):

Aσ
and

Aσ

! jAj,
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It follows that
00

Aσ

j= :(δ0 (x̄=π(x̄); z=π(z)) ^:Mγ(z=π(z))) ^:(δ1(x̄=π(x̄); z=π(z)) ^ Mγ(z=π(z))):
0

00

Let Aσ be the reduct of Aσ over σ0 . Then,
0

j= :δ0 (x̄=π(x̄); z=π(z)) if Aσ00 j= Mγ(z=π(z)

Aσ

0

and Aσ

j= :δ1 (x̄=π(x̄); z=π(z)) if Aσ00 j= :Mγ(z=π(z):
0

It follows that there exists an extension of Aσ of A over σ0 such that for
0
any π : Xγ ! jAj, Aσ j= :(δ0 (x̄=π(x̄); z=π(z)) ^ δ1(ȳ=π(ȳ); z=π(z))). Hence,
A j= Φ.

Once every negated conjunct is biconnected, we transform the sentence into
a good sentence; i.e. we complete the colouring and simplify the sentence. This
concludes the proof of Lemma 3.9.
Together with Lemma 3.8 this yields the following corollary (since if one assumes Φ to be collapsed in Lemma 3.9 then the sentence Ψ is also collapsed).
Corollary 3.12 Let Φ be a good sentence of MMSNP. Then there exists a
sentence of MMSNP with nullary predicates equivalent to Φ, that is good,
collapsed and biconnected (we call this sentence the special form of Φ).

Remark on MMSNP with nullary predicates Notice that a problem defined by
a sentence with nullary predicates simply corresponds to a finite union of problems
expressed by sentences without nullary predicates. Lemma 3.5 can be generalised
to conform sentences of MMSNP with nullary predicates; indeed, we can do a
case analysis on the values of these nullary predicates and for each of these cases
apply the lemma and construct a template Ti , and make T the disjoint union of
these templates. However, we must ensure that the cases are disjoint for the nonuniform CSP problem as well, and that disconnected instances are in the problem
if, and only if, there is an homomorphism into a single Ti . Hence, we add a binary
S
symbol R to σ and set RT := i jTi j2 and for every instance A we set RA := jAj2 .
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Note that this can be achieved via qfps from the constraint satisfaction problem
to the MMSNP problem and via a polynomial-time reduction from the MMSNP
problem to the constraint satisfaction problem.

3.5 Main part of the reduction
The idea of the reduction is as follows: given a problem expressed by a sentence
Φ over σ (of the special form given by the previous corollary) we consider the
problem over the signature τ, where τ is induced by the α-parts of the negated
conjuncts occurring in Φ; one new relational symbol Rα is introduced for every

equivalence class of α(Φ) for σ ; and, its arity is the number of different variables
occurring in α. Now, choose one α in each equivalence class and let
φα : =

^
xi 6=x j 2Xα

xi 6= x j ^ α:

This provides an interpretation of τ in σ of width one: Π = (φαjRα 2 τ):
Replace every α-part α(x̄) of the negated conjuncts in Φ by the corresponding
symbol Rα (x̄) Denote this sentence by Ψ.
Note that Ψ is conform and that Aσ j= Φ if, and only if Π(Aσ) j= Ψ. However,
we are also interested in the reduction from the problem expressed by Ψ to the
problem expressed by Φ. Let Bτ be a τ-structure. If Rα (t ) holds in Bτ for some
tuple of elements t suitable in length then we want α(t ) to hold in the structure Aσ
obtained from Bτ . In other words, we just reverse the interpretation Π as follows:
for every R in σ, let
φR (x̄) =

_
R(x̄) occurs in α(x̄;ȳ)

9ȳα(x̄; ȳ)

This provides an interpretation of σ in τ of width one: Π

1 = (φ
R

jR 2 σ) (note

that for simplicity in the above, we did not take into account the fact that we might
have to rename variables). We want:
Bτ j= Ψ if, and only if Π 1 (Bτ ) j= Φ.
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This would clearly hold if:
Π(Π

1

τ
τ
(B )) = B

would hold, but this is not the case in general. This is where the notion of high
girth is needed. Indeed, each tuple in a relation in the τ-structures Π(Π
corresponds either:
1 (Bτ );

1. to a monotuple connected substructure of Π

2. to a non-monotuple biconnected substructure of Π

1 (Bτ ))

or
1 (Bτ ).

So, according to case (2): different tuples in Bτ could give rise to some tuples in
Π 1 (Bτ ); these latter tuples might satisfy some α in α(Φ); and, it may yield a
tuple in Π(Π 1 (Bτ )) that is not present in Bτ .
Let gΦ be the maximal number of atoms occurring in an α-part of Φ. If Bτ has
girth greater than gΦ and R(t ) holds in Π 1 (Bτ ) (for some relation symbol R of
arity r in σ and some r-tuple t) then t must be induced according to case (1): i.e.
t must be contained in some tuple tα in some relation Rα in Bτ .
Hence, we have to enforce the following: if a colouring β1 is forbidden by a
negated conjunct γ1 , whose α-part α2 is a subconjunction of a strictly larger α-part
of some other negated conjunct γ2 then the constraint given by β1 is propagated to
α2 . In the following, we amend our construction of Ψ to make sure that this is the
case.
Construction of Ψ.

First, for every negated conjunct γ1

:(α2 ^ β2) in γ(Φ) and permutation m : Xγ ! Xγ

=

:(α1 ^ β1), γ2 =

such that m(α1 ) is a subconjunction of α2 ; we add the following negated conjunct to Φ:
1

2

γ1;2 = :(α2 ^ m(β1 )):
Secondly, we complete the colouring of this new sentence and denote it by Φ̃.
Note that Φ̃ is equivalent to Φ and also that Φ̃ is not necessarily simplified. However, Φ̃ has all the other properties that a sentence obtained via Corollary 3.12
would have; it is biconnected and collapsed and has complete colourings. Denote
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by Ψ the formula obtained from Φ̃ by replacing every α by the corresponding
symbol Rα in τ.
Note that Ψ is conform.
Lemma 3.13 Let Φ be a sentence of MMSNP with nullary predicates that is
of the special form (given by Corollary 3.12). There exist a signature τ, an
interpretation Π of width one from τ in σ, an interpretation Π 1 of width one
from σ in τ and a conform sentence Ψ over τ such that the following holds:
(i)
(ii)

for any σ-structure Aσ , Aσ j= Φ if, and only if Π(Aσ) j= Ψ; and
for any τ-structure Bτ of girth greater than gΦ , Π(Π
and only if

j

Bτ =

Ψ.

j

1 (Bτ )) =

Ψ if,

P ROOF. Let τ be the signature induced by Φ̃, let Π be the interpretation of width
one of τ in σ let Π 1 be the corresponding interpretation of σ in τ and let Ψ be
defined as previously.
(i) is clear. We now prove (ii). By monotonicity of Ψ and because Bτ can be
embedded in Π(Π 1(Bτ )), clearly Π(Π 1(Bτ )) j= Ψ implies Bτ j= Ψ. Now, sup0

pose that Bτ j= Ψ. Then there exists some extension Bτ of Bτ to τ0 := σ [ κ such
that for each negated conjunct γ in γ(Ψ), and for every assignment π : Xγ ! jBτ j
0

0

Bτ j= γ(x̄=π(x̄)) holds. Let Aτ be the extension of Π(Π 1(Bτ )) to τ0 constructed
0
0
as follows: the reduct of Aτ over κ is the same as the reduct of Bτ over κ. We
show that this extension witnesses that Π(Π 1 (Bτ )) j= Ψ.
Note that, we have to check only those tuples that were not present in Bτ . We
call informally “new tuples” such tuples. Since Bτ has girth greater than gΦ , a
new tuple must be the projection over some indices of a longer tuple present in
τ

Bτ . Indeed, any k tuples ti in RBi of arity ri give rise to an acyclic substructure
Π(Π 1 (Bτ ))
of Bτ because Bτ has girth gΦ > k. Therefore, a new tuple t1 in some Rα1
τ

must be induced by some tuple t2 in RBα2 , where α1 and α2 belong to α(Φ) and
α1 -σ α2 (recall that Φ is biconnected). Hence, if there exist γ1 = :(Rα1 ^ β1 ) in
γ(Ψ) and π1 : Xγ1 ! jBτ j such that
Π(Π

1

j

τ
(B )) = Rα1 (x̄=π(x̄)):
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Then, there exist a negated conjunct

:(α2 ^ β2) in γ(Φ), a one-to-one mapping

m : Xα1 ! Xα2 such that m(α1 ) is a subconjunction of α2 ; and, moreover, there
exists π2 : Xα2 ! jBτ j such that π2 Æ m = π1 over Xα1 and Bτ j= Rα2 (ȳ=π2 (ȳ)). By
construction, some negated conjunct obtained from γ1;2 is present in Ψ; that is, a
negated conjunct of the following form:
γ1;2 = :(Rα2 ^ m(β1 ) ^ β):
β

Since Bτ j= Ψ, it follows that for all such β:
Bτ

0

j= :(Rα (ȳ=π2 (ȳ) ^ m(β1)(ȳ=π2(ȳ)) ^ β(ȳ=π2(ȳ))):
2

Hence,
Bτ

0

j= :m(β1)(ȳ=π2(ȳ));

and it follows that:
Bτ

0

j= :β1 (x̄=π1(x̄)):

Aτ

0

j= :β1 (x̄=π1(x̄)):

Therefore,

Finally, we get:
Π(Π

1

j

τ
(B )) = Ψ:



3.6 A Proof of Feder and Vardi’s theorem
Combining together the results of this chapter, we can now give a proof of Feder
and Vardi’s theorem.
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Theorem 3.14 (Feder and Vardi)
Every problem in CSP is expressible by a sentence of MMSNP. Every problem PΦ expressible by a sentence Φ of MMSNP is equivalent to a problem
CSP(TΦ) in CSP: PΦ reduces to CSP(TΦ) in polynomial time; and, CSP(TΦ)
reduces to PΦ in randomised polynomial time.
P ROOF.CSP is contained in MMSNP by lemma 3.5.
By Corollary 3.12, we can assume that Φ is a sentence of MMSNP with nullary predicates that is good, collapsed and biconnected. Then, it follows from
Lemma 3.13 that there exists a conform sentence Ψ (with possibly some nullary
predicates) over a signature τ such that: the problem expressed by Φ reduces to
that of Ψ via a qfp of width one; and, the problem expressed by Ψ, when restricted
to τ-structures of girth greater than gΦ , reduces to the problem expressed by Φ via
a positive first-order interpretation of width one.
It follows from the remark on nullary predicates on the end of Subsection 3.4.2
that the problem PΨ (the problem expressed by Ψ) is computationaly equivalent
to a problem CSP(TΨ ) in CSP: PΨ reduces to CSP(TΨ) via a polynomial-time reduction; and, CSP(TΨ) reduces to PΨ via a qfp.
It follows from Lemma 3.4 that the problem CSP(TΨ) reduces to its restriction
over τ-structures of girth greater than gΦ in randomised polynomial-time. This
restricted constraint satisfaction problem reduces to PΨ via a trivial qfp that shall
not decrease the girth; it consists only in dropping one relation symbol (the symbol introduced to enforce that a disconnected instance would map into a single
template). Thus, altogether we provided a randomised polynomial-time reduction
from CSP(TΨ) to PΦ .

In [16], the authors mention the possibilities of using quasi-random graphs to
derandomize the reduction from the constraint satisfaction problem to the problem
expressed by a sentence of MMSNP problem. In other words,
Question 3.15 is it possible to have polynomial-time reductions in Theorem 2.7
in both directions?
An unsuccessful attempt along this line lead me to the following question:
Question 3.16 which problems in MMSNP are not in CSP?
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We know that such problems exist (cf. Section 2.4). Moreover, if hopefully I

could provide some exact characterisation for the latter question, I could possibly
answer negatively to a restriction of the former question. Indeed, proving a negative result for any polynomial-time reduction seems to be rather tricky in front of
the immmense diversity that such reductions have to offer. However, if we restrict
ourselves to some particular meaningful reductions, say first-order projections, we
could hopefully prove that some property that ensures that a problem is not a CSP
could be conserved by such transformations. As a matter of fact, I have not yet
answered even a restriction of the former question. I answered however the latter.
This rather innocent looking question has lead me to a proof involving objects and
notions which I consider personally as interesting by themselves. I hope to convince the reader in the next chapter, which is fully devoted to this characterisation.
If the reader was not yet convinced of the interest of Question 3.16, we hope to
eventually convince him in Chapter 5. There, we shall relate in some detail some
recent and independent results by Tardiff and Nešetřil (cf. [45]), which can be
obtained as a corollary of our forthcoming characterisation.

Chapitre 4
Problèmes de motifs interdits
Une nouvelle classe de problèmes combinatoires est introduite : la classe
des problèmes de motifs interdits. Ces derniers correspondent exactement à la
logique MMSNP de Feder et Vardi. Le concept central de recoloriage entre
les représentations de tels problèmes est défini : ce concept généralise la notion d’homomorphisme. Par la suite, on met en évidence une forme normale
pour de tels problèmes. Celle-ci permet finalement de caractériser exactement les problèmes de motifs interdits qui ne sont pas des problèmes d’homomorphisme. La preuve est de nature constructive, au sens où, étant donnée la
représentation d’un problème de motifs interdits, sa forme normale est calculée, puis un critère simple permet de décider si le problème appartient à
CSP. De plus, si c’est le cas, son patron peut être calculé, sinon une procédure
permettant de construire une famille de contre-exemples (qu’on appellera une
famille de témoins) est donnée.
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Dans ce chapitre, j’introduis une nouvelle classe de problèmes combinatoires
qui correspondent exactement à la logique MMSNP : les problèmes de motifs interdits (FP). Le théorème de Feder et Vardi implique donc que les classes CSP et
FP sont calculatoirement équivalentes. Cependant, certains problèmes de motifs
interdits ne sont pas dans CSP (corollaire des résultats obtenus section 2.4). On
voudrait répondre à la question 3.16 dans ce nouveau cadre ; à savoir, caractériser
exactement les problèmes de motifs interdits qui ne sont pas dans CSP. Un problème de motifs interdits est donné par une représentation, qui dans un certain
sens généralise la notion de structure. Adopter une formulation plus algébrique
des problèmes définissables par des formules de MMSNP, me permet alors de dégager une notion de morphisme de représentation : le recoloriage. Par suite, on
peut s’intéresser aux notions engendrées de rétraction, puis de coeur. Par ailleurs,
on a vu au chapitre précédent que le problème associé à une formule conforme de
MMSNP est dans CSP : on adapte directement la preuve pour obtenir la notion clé
de patron d’une représentation (il s’agit d’une structure induite par des motifs interdits particuliers, les motifs dits conformes). Finalement, je construis minutieusement une forme normale en recoupant attentivement la notion de coeur d’une
représentation avec une adaptation des techniques de la section 3.4.2 (qu’on appellera transformation de Feder-Vardi). Je généralise alors l’idée des preuves données
section 2.4. Ainsi, pour montrer qu’un problème de motifs interdits donné n’est
pas dans CSP, je m’attache à construire des familles de structures particulières, les
familles de témoins. Je suis alors en mesure de décrire une construction générique
de telles familles, à condition que le problème soit donné par une représentation
connexe et normale qui n’est pas conforme. Par suite, je réponds complètement
à la question posée en introduisant la notion d’ensemble de représentations normales connexes.
Ce chapitre s’organise de la manière suivante. Dans la section 4.1, je tente de
donner l’intuition derrière les notions de représentation et de recoloriage avant
de les définir ainsi que la classe FP des problèmes de motifs interdits. Je montre
ensuite rapidement que FP correspond exactement à la logique MMSNP. La section 4.2 est entièrement consacrée à la notion de rétraction : je rappelle cette notion pour les structures avant de l’étendre aux structures coloriées puis aux représentations. Dans la section 4.3, je définis la notion de patron d’une représentation et à la section 4.4, celle de transformation de Feder-Vardi. La section 4.5 se
consacre à la construction d’une forme normale pour une représentation : de nombreux exemples sont également donnés. À la section 4.6, je définis les familles
de témoins, et je montre que si un problème de motifs interdits possède une telle
famille, alors il ne peut pas appartenir à CSP. Ensuite, je donne une construction
générique de famille de témoins dans le cas d’une représentation normale connexe
non conforme. Finalement, à la section 4.7, je prouve le résultat principal de ce
travail ; i.e., une caractérisation exacte des problèmes de motifs interdits qui ne
sont pas dans CSP (à condition qu’il soit donné par une représentation connexe).
J’illustre alors mon résultat par de nombreux exemples. Finalement, dans le reste
du chapitre, j’étends mon résultat à n’importe quelle représentation.
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4.1 Preliminaries
In this section, we start by introducing the notion of a coloured structure and of
a homomorphism for coloured structures, the so-called colour preserving homomorphisms. Next in Subsection 4.1.2 we provide various examples to illustrate
these notions; these examples are rather numerous as we shall need them later to
provide examples of representations. In Subsection 4.1.3 we introduce the notion
of a representation together with a new combinatorial problem, the so called forbidden patterns problem associated to a given representation. We introduce the
key notion of a recolouring between representations and show that it is a morphism for representations and that, moreover, the existence of a recolouring between two given representations implies the inclusion of the problems they define;
thus we obtain a result similar to Proposition 2.1. Next we illustrate these newly
introduced notions by various examples. Finally, in Section 4.1.4 we provide two
technical lemmas showing that the logic MMSNP captures exactly FP, the class
of forbidden patterns problem.

4.1.1 Finite coloured structures and colour preserving homomorphisms
Let µ be a finite set. We call the elements of µ colours. A finite µ-coloured σstructure consists of a finite σ-structure A, together with a mapping cAµ : jAj ! µ.
We write (A; cAµ ). We say that (A; cAµ ) is connected (respectively biconnected)
whenever A is connected (respectively biconnected). Let (A; cAµ ) and (B; cBµ ) be
two µ-coloured σ-structures. A colour preserving homomorphism of (A; cAµ ) to
(B; cB
µ)

is a homomorphism A

h

B that preserves the colourings of A and B, i.e.

such that cBµ Æ h = cAµ , and we write, (A; cAµ )
ping h such that (A; cAµ )
case that (A; cAµ )

h

(B; cB
µ)

h

(B; cB
µ ):

If there exists some map-

then we write (A; cAµ )

(B; cB
µ ) then we

write (A; cAµ )

=

(B; cB
µ ).

(B; cB
µ ):

If it is not the

We shall make use of

diagrams to illustrate definitions and proofs in the following. If (A; cAµ )
we draw the following 1 .

h

(B; cB
µ ),
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A
cAµ

µ

h

B
cBµ

When h is a surjective colour preserving homomorphism, we write
A h
B
(A; cµ )
(B; cµ ):

When h is an injective colour preserving homomorphism, we write
A
(A; cµ )

If (A; cAµ )

h

(B; cB
µ)

h

B
(B; cµ ):

then we say that (A; cAµ ) is a subcoloured structure of (B; cBµ )

(Note that it may be the case that (A; cAµ ) is not an induced subcoloured structure
of (B; cBµ )).
A colour preserving isomorphism is a bijective colour preserving homomorphism
h
(B; cB
whose inverse is a colour preserving homomorphism. If (A; cAµ )
µ ) and h

is a colour preserving isomorphism then we write (A; cAµ ) t (B; cBµ ). We denote
by STRUCµ (σ) the class of all finite µ-coloured σ-structures. To avoid having to

use too heavy a notation, when the set of colours is clear from the context, we
shall not specify it, as in (A; cA ). Moreover, we shall speak of a homomorphism
of (A; cA ) to (B; cB ) as meaning a colour preserving homomorphism.
Notice moreover that the composition of two colour preserving homomorphisms is itself a colour preserving homomorphism. As for the case of structures, we have an identity homomorphism associated with any coloured structure
(A; cA ), induced by the identity map over jAj, which we shall denote id(A;cA ) . One
can therefore speak of the category of finite µ-coloured σ-structures.

In the next subsection, we introduce various σ2 -structures and coloured σ2 structures and discuss the existence of homomorphisms and colour preserving
homomorphisms between them: we shall need this later to build further examples
of problems captured by sentences of MMSNP.
1A

µ-colouring cAµ of a structure A can be seen as a homomorphism of A to Kµ , the complete
structure with domain µ,cf. remark on the end of Subsection 4.3.2.
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4.1.2 Examples
Some σ2 -structures.

Recall that σ2 := fE g, where E is a binary relation sym-

bol. σ2 -structures can be considered as an encoding of finite directed graphs (possibly with self-loops). Denote by DCn , n > 1, the following σ2 -structure (DC
standing for directed cycle).

 jDCnj := f0; 1; : : :; n


1g; and

for any elements x; y in jDCn j, E (x; y) holds if, and only if, x + 1 = y mod n.

Denote by Cn , n > 1, the following σ2 -structure.

 jCnj := f0; 1; : : :; n


1g; and

for any elements x; y in jCn j, E (x; y) holds if, and only if, x + 1 = y mod n
or y + 1 = x mod n.

Moreover, set C1 and DC1 to be the structure with a single element x such that
E (x; x) holds. Some of these structures are depicted in Figure 4.1 (the nodes not
being labelled for the sake of simplicity). In the case of the structures Cn , we write
a double arrow to denote that the relation E Cn is symmetric.
DC3

Æ

Æ
Æ

Æ
C3

Æ

Æ

Æ
Æ

Æ

DC4

Æ

Æ

DC5

Æ

Æ
C4

Æ
Æ

DC6

Æ

Æ

Æ
Æ

Æ

C5

Æ

Æ Æ

Æ

C6

Æ

Æ

Æ Æ

Æ
Æ

Æ

Figure 4.1: Directed Cycles and Cycles

1. Clearly, any graph maps homomorphically into DC1 .

Æ Æ
Æ Æ

Æ
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2. For any n > 0, there is a natural bijective homomorphism hn;n of DCn to Cn ,

where hn;n is the identity mapping over the set f0; 1; : : :; n 1g. However
notice that hn;n is not an isomorphism except for n  2 since its inverse is not
a homomorphism. Thus to sum up, we have the following; for any n  2,
hn;n : DCn

Cn

7!

x

hn;1n : Cn

x

x

=

7!

DCn
x

3. Let n; m > 0 be such that m divides n. Consider the mapping
hn;m :

f0; 1; : : :; n

It is easy to check that DCn

hn;m

1g
x

! f0; 1; : : :; m
7! x mod m

DCm and that Cn

hn;m

1g

Cm .

4. If m < n then there is no homomorphism of DCm to DCn .
5. Moreover, notice that if n; m > 1 are such that n 6= m and n and m are relatively prime then DCn = DCm .
6. The case of cycles is different; even cycles are homomorphically equivalent.
Let
f2 :

f0; 1g ! f0; 1; : : :; 2p
x 7! x

1g

We have C2p
C2 and C2
C2p . Notice that h2p;2 Æ f2 = id2 . However,
the two structures are not isomorphic.
Since any even length cycle C2p ; p > 0, is homomorphically equivalent to
h2p;2

f2

C2 , we have C2p
Cn for any n > 1.
However it is easy to check that odd cycles do not map into even cycles:
as for any q  0, C2q+1 = C2 , it follows from the fact that even cycles are
homomorphically equivalent that; for any p; q  0, C2q+1

=

C2p .

7. Let p  0. The odd cycle C2p+3 maps homomorphically into the odd cycle
C2p+1 : simply map vertex 2p + 1 of C2p+3 to vertex 0 of C2p+1 ; map vertex
2p + 2 of C2p+3 to vertex 1 of C2p+1 ; and, map any other vertex i of C2p+3
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to vertex i of C2p+1 . Since the composition of two homomorphism is again
a homomorphism, we have proved the following. let n > m > 1. If n and m
Cn .
are both odd then Cm
8. However, it can be easily checked that, if n > m > 1 are such that n and m
are both odd then Cm = Cn .

W DC3

}

}
AC3

}



W DC5

ADC4

}



}

}




}

BC4



}
}

}

ADC6

}
}



AC5





}





} 
} 

}

BC6

}
}



 
 



Figure 4.2: some coloured structures
Some 2-coloured σ2 -structures. Let 2 := f0; 1g. In our picture, we shall colour
an element in white for the colour 0 and in black for the colour 1. Consider the
following colourings,
w2n :

jDCnj !
x 7!
a2n :

2
0

b2n :

jDCnj ! 8
2
<0
x 7!
:

jDCnj !
x 7!

2
1

if x is even

1 otherwise.

Let W DCn := (DCn ; w2n ) and BDCn := (DCn ; b2n ) for n  1, and for n > 1 set
ADCn := (DCn ; a2n ) (WDC stands for White Directed Cycle, BDC for Black Directed Cycle and ADC for Alternated Directed Cycle). Examples among such
structures are depicted in Figure 4.2.
Define similarly, WCn := (Cn ; w2n ), BCn := (Cn ; b2n ) and ACn := (Cn ; a2n ).
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1. Let n; m > 1 be such that m divides n and p; q > 1 such that q divides p. It
is easy to check the following,
W DCn
BDCn
ADC2p

hn;m
hn;m

WCn

W DCm
BDCm

h2p;2q

BCn

ADC2q

AC2p

hn;m
hn;m

WCm
BCm

h2p;2q

AC2q

2. However, for any p; q > 1, ADC2p+1 = ADC2q since there is the edge (n
1; 0) where both n 1 and 0 are coloured white, whereas no such coloured
edge occurs in ADC2q . Since no edge of ADC2q can be mapped over the
ADC2p+1 then this would imply
white-white edge of ADC2p+1 , if ADC2q
that ADC2q can be mapped homomorphically into a directed path, which is
not the case: hence ADC2q = ADC2p+1 .
3. Similarly for any p; q > 1, we have AC2p+1
4. However, AC2p

AC2q+1 . Indeed, AC2p

=

AC2q .

AC2 .

5. Moreover, clearly there is no homomorphism between any choice of coloured structures of different type among the three types of colouring introduced, white, black or alternated, since the colourings are always incompatible (except for W DC2 t WC2
AC2p+1 for p > 1).
6. The following gives the relation between the coloured cycles and the directed coloured cycles.
W DCn
BDCn
ADCn

hn;m
hn;m
hn;m

WCm
BCm
ACm

4.1.3 Representations, recolourings and FP
Next, we shall introduce the notion of a representation for a forbidden patterns
problem (that shall be defined shortly afterwards). First we shall discuss in some
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detail the intuition behind these forthcoming definitions. In the case of homomorphism problems, a problem is represented by its template, and for two templates A
B (notice that the converse also holds,
and B, we have CSP(A)  CSP(B) if A
cf. Proposition 2.1). The notion of a recolouring of one representation to another
shall have a similar behaviour:
1. a recolouring shall define a notion of morphism from one representation to
another; and
2. if there exists a recolouring of one representation to another then the forbidden patterns problem defined by the first representation is contained in that
defined by the second.
A finite σ-representation with colours µ is a pair (µ; M ), where µ is a finite set and

M is a finite set of µ-coloured σ-structures. We call the elements of M the forbidden patterns of (µ; M ). Let REP(σ) denote the class of finite σ-representations.
E XAMPLE . Let n  1 and p  1. Consider the following σ2 -representations:

MDC2n := f2; fW DCn; BDCngg
MC2n := f2; fWCn; BCngg
ADC22p ME := f2; fADC2p ; W DE ; BDE gg
where W DE, respectively BDE, denotes a single directed edge whose vertices are coloured in white, respectively black (the names of these representations standing for Monochromatic Directed Cycles, Monochromatic Cycles, and, Alternated Directed and Monochromatic Edges, respectively). See Figure 4.3 for some examples. In this picture, each
cell in an array stands for a single forbidden pattern (as a forbidden pattern is not necessarily connected), except for the top cell which represents the set of colours.

N
A coloured structure (A; cAµ ) in STRUCµ (σ) is said to be valid with respect
to (µ; M ), if, and only if, none of the forbidden patterns maps into (A; cAµ ) via a
colour preserving homomorphism. In other words, for any (M ; cM
µ ) in M and for
any mapping h of jM j to jAj, either M

h
=

A
A
A or cM
µ Æ h 6= cµ . When (A; c ) is not
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DC13

MDC23

ADC24

}

}
}

}
}
}

}

}
}





DC13

B

}
}


MC25



}

}



}

}





MDC22 = MC22

}

}
}

ME

}
}

}

}
}








}
}

}







Figure 4.3: some representations for directed graphs

4.1. PRELIMINARIES

79

valid with respect to some (M ; cM
µ ) in M via some colour preserving homomorphism h, we shall use the following diagram.

M

h

A

M
cAµ

cM
µ

µ
E XAMPLE .

Consider the representation

MDC23 (see Figure 4.3) and the σ2 -structure

DC5 . Consider now this structure together with a colouring that maps every vertex to
the colour “white”; that is, the coloured structure W DC5 . W DC5 is valid with respect to

MDC23 as the forbidden patterns do not map into W DC5 via a colour preserving homo-

N

morphism.

Let (µ; M ) be a σ-representation. Define the forbidden patterns problem with
representation (µ; M ), denoted FP(µ; M ), to be the problem with yes-instances
those σ-structures B such that:



there exists a mapping cBµ such that (B; cBµ ) is valid for (µ; M ).

Denote by FPσ the class of forbidden patterns problems given by a σ-representation and set:
[
FP := FPσ :
σ

We now define a notion that is absolutely essential in the remainder of this
work, namely the notion of a recolouring between representations. As we shall see
later, the notion of a representation generalises the notion of a template, and the
notion of a recolouring generalises the notion of a homomorphism. To grasp the
idea behind the following definition, consider the contrapositive of the definition
of a homomorphism as given in Section 2.1:



for any r-ary symbol in σ and for any b̄ in jBjr , for any ā in jAjr such that
h(ā) = b̄, if RB (b̄) does not hold then RA (ā) does not hold.

That is, informally, the inverse image of a tuple not present in the target structure
is not present in the source structure. As we shall see later, a tuple not present
in the template of a homomorphism problem corresponds to a forbidden pattern
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of a special kind. Hence, the intuition behind our definition of a recolouring is
that it induces inverse images of forbidden patterns and that the inverse image of
something forbidden is forbidden.



N
for all forbidden patterns (N ; cN
ν ) in N and all functions cµ of jN j to µ
N
N
with cN
ν = r Æ cµ , the coloured structure (N ; cµ ) is not valid with respect
to the representation (µ; M ).

If r is a recolouring of (µ; M ) to (ν; N ) then we write (µ; M )

r

(ν; N ).

M
So for any (N ; r Æ cN
µ ) in N , there exists some (M ; cµ ) in M with the property

that M

m

N such that the following diagram commutes.
m

M
M

N
N

cN
µ

cM
µ

cN
ν

ν

r

µ

E XAMPLE . Consider now the following mappings:
id2 : 2
0
1
c02 : 2
0
1

!
7
!
7
!
!
7!
7!

2

s2 : 2

0

0

1

1

2

c12 : 2

0

0

0

1

!
7
!
7
!
!
7
!
7
!

2
1
0
2
1
1

In the following, let n  m > 1 such that m divides n.
1. We claim that id2 is a recolouring of MDC2n to MDC2m .
Indeed, the only pre-image of W DCm via id2 is W DCm ; and, we have seen previously that W DCn

W DCm if n  m > 1 and m divides n; thus, W DCm is a valid

colouring with respect to MDC2n The case of the other forbidden pattern BDCn is
similar. Hence, we have shown that:
if n  m > 1 and m divides n then MDC2n

id2

MDC2m :
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2. By symmetry of the considered representation with respect to its colours, we have:
if n  m > 1 and m divides n then MDC2n

s2

MDC2m :

3. However, notice that id2 is not a recolouring of MDC2m to MDC2n , since
W DCm

=

W DCn and BDCm

=

W DCn :

4. Similarly, s2 is not a recolouring of MDC2m to MDC2n .
5. For the two other mappings, c02 and c12 , one can easily check that they are not
recolourings, for example ADCm is a pre-image of W DCm via c02 , respectively of
BDCm via c12 , and we have seen that there is no homomorphisms between the
alternated coloured cycles and the uniformly coloured cycles in the directed case.
These maps are not recolourings of MDC2m to MDC2n either.
6. It follows therefore that there is no recolouring of

MDC2m to MDC2n, which we

denote by:
if m; n > 1 and m divides n then MDC2m

=

MDC2n :

N
The notion of recolouring we just defined satisfies the properties we required.
Indeed, notice that the composition of two recolourings is a recolouring and that
we have an identity recolouring associated with any representation (µ; M ) induced
by the identity map over µ, which we shall denote id(µ;M ) . One can therefore
speak of the category of σ-representations. This proves (1). As in the case of σstructures, this category has further interesting properties that shall be investigated
in Chapter 5. For (2) consider the following proposition.
Proposition 4.1 Let (µ; M ) and (ν; N ) be two σ-representations. If there exists
a recolouring (µ; M ) r (ν; N ) then FP(µ; M )  FP(ν; N ).
P ROOF. Let A be a σ-structure. Assume that A is a no-instance of FP(ν; N ). Let
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cAµ be a colouring of A. (A; r Æ cAµ ) can not be valid
for (ν; N ). Hence, there exists some forbidden
pattern

(N ; cN
ν)

in N and some colour preserving

homomorphism n such that (N ; cN
ν)

n

(A; r

Æ cAµ).

Since r is a recolouring and r Æ cAµ Æ n = cN
ν , it follows
that there exists some forbidden pattern (M ; cM
µ ) in

nÆm
m

M
M

N

cN
µ

n

cM
µ

cN
ν

µ

r

M and some colour preserving homomorphism m
such that (M ; cM
µ )

m

(N ; cA
µ

Æ n).

N

Finally, it follows that, (M ; cM
µ )

ν

rÆcAµ

A

cAµ
nÆm

(A; cA
µ)

(to

see this, note that n Æ m is a homomorphism and that it respects colourings). Hence,
(A; cA
µ)

is not valid for (µ; M ). Thus, A is a no-instance of FP(µ; M ).



The converse does not hold in general; we shall provide a non-trivial counterexample at the end of Section 4.4 and some trivial counter-examples in the following.
Trivial representations. Notice that there are only two representations with
/ Indeed, there is only one structure (up to isomorphism) that
colour set µ = 0.
/
can be 0-coloured:
it is the void structure that has no elements, which we shall
denote 0σ . It can be coloured by the mapping c00/ σ (considering a mapping c0Sσ of 0/
/ Hence the only
to some set S as a special binary relation, 0/ = c0Sσ  j0σj S = 0).
two representations with an empty set of colours are 0σ := (0/ ; f(0σ; c00/ σ )g) and
0̃σ := (0/ ; 0/ ). The former represents the trivial problem without any yes-instances
and the latter represents the problem with a single yes-instance, namely the void
structure 0σ . However, there are some other representations that define the same
problems to those defined by these two trivial representations:




the representations with a non-void set of colours µ and with a set of forbidden patterns M consisting only of the coloured structure (0σ ; c0µσ ); and
the representations with a non-void set of colours µ and with a set of fork

bidden patterns M̃ consisting of the coloured structures K1 with a single
element coloured k, for any colour k in µ.
Clearly we have
FP(µ; M ) = 0/ = FP(0σ )
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FP(µ; M̃ ) = f0σg = FP(0̃σ ):

However, there can not be any mapping of µ to 0/ as µ is non-void. Hence,
there is neither a recolouring of (µ; M ) to 0σ nor of (µ; M̃ ) to 0̃σ . This provides
some trivial counter-examples for the converse of the last proposition. The first
problem is not in CSP as it has no yes-instances, and any CSP problem has at least
one yes-instance, its template. Note that the second problem is nothing else than
the problem CSP(0σ). Having dealt with these problems, we shall assume in the
following that none of the representations we consider define problems equal to
FP(0σ ) or FP(0̃σ).
As we have seen earlier, with the notion of a recolouring we have a morphism
of representations, thus we can consider the induced notion of monomorphism (respectively epimorphism): it corresponds to the recolourings induced by mappings
that are injective (respectively surjective). We use a similar notation for recolourings as we did for homomorphisms and colour preserving homomorphisms. If r
is an injective recolouring then we say that r is a monorecolouring and we write
r

In this case, by analogy with the case of σ-structures, we say
that (µ; M ) is a subrepresentation of (ν; N ). Let
(µ; M )

(ν; N ).

M
M 0 = f(M ; cM
µ ) 2 STRUCµ (σ)j(M ; r Æ cµ ) 2 N g

We call the representation (µ; M 0 ) the subrepresentation of (ν; N ) induced by the
recolouring i (or induced subrepresentation of (ν; N ) for short). If r is a surjective
recolouring then we say that r is an epirecolouring, and we write (µ; M ) r (ν; N ).
A recolouring that is bijective and whose inverse is a recolouring is called an
r
isorecolouring. If (µ; M )
(ν; N ) and r is an isorecolouring then we write

t

(µ; M ) (ν; N ):

Let (µ; M ) be a representation. We say that (µ; M ) is simple if, either jM j  1
0 M0
or for any pair of distinct forbidden patterns (M ; cM
µ ) and (M ; cµ ) in M , we have
0 M0
(M ; cM
µ ) = (M ; cµ ).
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E XAMPLE . The MDC2m ’s from the previous example are easily seen to be simple repre-

N

sentations.

As the following result shows, for every representation, there exists a simple
representation that is equivalent up to isorecolouring.
Lemma 4.2 Let (µ; M ) be a representation. There exists a simple representation
(ν; N )

such that:
(µ; M )

t (ν ; N ):

P ROOF. Suppose that (µ; M ) is not simple. Set ν := µ and construct N from

M as follows. Start with N

M and as long as there exists a pair of distinct
forbidden patterns (M0 ; cM0 ) and (M1 ; cM1 ) in N such that
=

M
(M 1 ; c 1 )

M
(M0 ; c 0 )

remove (M0 ; cM0 ) from N . This construction terminates eventually as N is finite

and clearly (ν; N ) is simple. The mapping r : µ ! ν induced by idµ (recall that
ν = µ) is a recolouring: for every forbidden pattern (N ; cN ) in N , its inverse image
via r is (N ; cN ) itself and is present in M by construction of N . The inverse of
r is clearly a recolouring as for any forbidden pattern (M0 ; cM0 ) in M that is no
longer present in N , there exists some (M1 ; cM1 ) in M such that
M
(M1 ; c 1 )

M
(M0 ; c 0 ):

If (M1 ; cM1 ) is not present in N either then, by construction of (ν; N ), there exists
some n > 1 and forbidden patterns (Mi ; cMi ) in M (1 < i  n) such that
M
(Mn ; c n )

M
(Mn 1 ; c n

1)

:::

M
(M1 ; c 1 )

M
(M0 ; c 0 );

and such that (Mn ; cMn ) is in N . Since the composition of colour preserving
homomorphisms is a colour preserving homomorphism, it follows that for any
(M ; cM ) in M , its inverse image induced by the mapping idµ , that is (M ; cM ) itself,
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is such that there exists some (N ; cN ) in N such that
N
(N ; c )

In other words, r

1

M
(M ; c ):

is a recolouring of (ν; N ) to (µ; M ). Thus we have proved

that r is an isorecolouring, hence we have
(µ ; M )

t (ν ; N ):


In fact, by analogy to σ-structures, a representation that is not simple would
correspond to a structure in which we would list more than once a tuple in some
relation.
The previous result together with Proposition 4.1 leads to the following.
Corollary 4.3 Every forbidden patterns problem can be given by a representation
that is simple.
E XAMPLE . With reference to earlier examples, via similar reasoning to that developed
in the case of representations involving directed cycles, we obtain the following for the
case of cycles:
if m; n > 1 and m divides n then

MC2n id MC2m MC2n
2

Moreover, for p  1, we have WC2p

h2p;2

s2

MC2m

WC2 and WC2

f2

WC2p and similarly for the

BC. Hence, the following holds:

MC22p id MC22 and MC22p
2

id2 1

MC22

So, id2 is an isorecolouring between MC22p and MC22 , and we write:

MC22p t MC22:
These previous results might seem a bit odd to the reader who is used to the corresponding
notion of isomorphism for σ-structures; in fact, note that a forbidden patterns problem can
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be given by numerous simple representations, that are equivalent via isorecolourings by
replacing any forbidden pattern by another that is homomorphically equivalent to it as in
the previous example.
We leave the following as an exercise for the reader:
if p; q  1 and q divides p then

ADC22p ME id ADC22q ME and ADC22p ME
2

s2

ADC22q ME

Consider as further examples,

WDC23 B := f2; fW DC3; Bgg
DC13 := f1; fW DC3gg
where B is the structure consisting of a single element coloured black and 1 = f0g (and we
shall consider 0 to be white as before). These representations are depicted in Figure 4.3.
It is easy to check that,

WDC23 B id MDC23
c0
c0
B DC13 and DC13 WDC23 B
2

WDC23

2;1

where,
c02 1 : 2
;

0
However, DC13 6t WDC23

!
7
!

1;2

1
0

and

c01 2 : 1

B.

;

0

!
7
!

2
0

N

Furthermore, we shall make use of the notion of an image of a representation via a recolouring. Let (µ; M ) and (ν; N ) be two σ-representations and
N
Define r(µ; M ) := (r(µ); f(N ; cN
ν )jcν (jN j)  r (µ)g), where
r(µ) denotes the image of the set of colours µ via the mapping r.

(µ; M )

r

(ν; N ).

4.1.4 MMSNP captures exactly FP
We have already seen in Section 3.1.2 how to associate a structure to a negated
conjunct of a sentence of MMSNP. The κ-colours of a given sentence of MMSNP
correspond to the set of colours of a representation whose forbidden patterns are
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simply the structures induced by the negated conjuncts (throughout we use the

notation established in the previous chapter, e.g. κ, σ0 ...). The following lemma
shows that the obtained representation characterises the forbidden patterns problem captured by the given sentence of MMSNP.
Lemma 4.4 Let Φ be a sentence of the logic MMSNP. There exists a representation (µΦ ; MΦ ) such that FP(µΦ ; MΦ ) is expressed by Φ.
P ROOF. Let Φ be a sentence of MMSNP. By Lemma 3.2 we can assume w.l.o.g.
that it has full colourings. For uniformity, let us fix things so that there is at least
one monadic predicate. One way to achieve this is as follows. If Φ is a first-order
sentence then simply add an existential monadic predicate M, replace any negated
V
conjunct γ = :(α) by :(α ^ β), where β := x2Xγ M (x), and add the negated
conjunct :(:M (x)), for some particular bound variable x: the new sentence is
clearly equivalent to Φ and has full colourings. Hence assume w.l.o.g. that Φ has
full colourings and is not a first-order sentence.

Consider (µΦ ; MΦ ) to be the representation defined as follows: set µΦ to be
the set of κ-colours, where κ is the signature containing the existential monadic
predicates of Φ (it can not be void as we ensured beforehand that the sentence
is not first order); and set MΦ to be the set of µΦ -coloured σ-structures (G; cG )γ
induced by each negated conjunct γ = :(α ^ β) in γ(Φ) as follows:



G is the σ-structure induced by α (denoted by Gα in Subsection 3.1.2, recall
that it has domain Xγ ); and



for any x in jGj, set cG (x) to be the κ-colour given by β to x.

We claim that FP(µΦ ; MΦ ) is expressed by Φ.
Let A be a σ-structure. A j= Φ if, and only if, there exists an extension A0 of A
to σ0 such that for each γ 2 γ(Φ) and for any π : Xγ ! jAj,
A0 j= γ(x̄=π(x̄)):
The latter holds if, and only if,
A0 6j= α(x̄=π(x̄)) or A0 6j= β(x̄=π(x̄)):
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That is, in the first case that there exists some r-ary symbol R in σ such that R(x̄)
occurs in α and R(x̄=π(x̄)) does not hold in A; in other words, according to the
definition of (G; cG )γ , that π is not a homomorphism of G to A. In the second case,
there exists some monadic symbol M in κ and some variable x in Xβ such that M (x)
occurs in β and M (x) does not hold in A0 , or :M (x) occurs in β and M (x) holds in
A0 . Let cAµΦ be the mapping induced by A0 : it maps each element of A to its κ-colour

in the extension A0 . Then the second case is equivalent to cAµΦ Æ π 6= cG . The two
cases together are equivalent to π not being a colour preserving homomorphism of
(G; cG )γ to (A; cA
µΦ ). Hence we have proved that there exists some valid colouring
for A; in other words, that A is a yes-instance of FP(µΦ; MΦ ). For any colouring
cAµΦ , one can derive an extension of A by setting the monadic predicates from κ

according to the κ-colours of the elements of A given by cAµΦ ; thus, clearly the
converse also holds.


The following lemma deals with the converse translation; that is, converting
a representation into a sentence of MMSNP. One can label each element of µ
with an integer written in binary, each such integer inducing a κ-colour, where κ
contains one monadic predicate for each place (simply consider the binary expansions to be padded with zeros to the left and for each place set the corresponding
monadic predicate in κ negatively for a zero and positively for a one). Hence,
each forbidden pattern induces a negated conjunct.
Lemma 4.5 Let (µ; M ) be a non-trivial representation. There exists a sentence
Φ(µ;M ) of MMSNP such that FP(µ; M ) is expressed by Φ(µ;M ) .
P ROOF. We can assume w.l.o.g. that there exists some n > 0 such that jµj = 2n .
Indeed, if it were not the case, add new colours to µ to reach the nearest power
of 2 then add to M the forbidden patterns consisting of a single vertex coloured
by one of the new colours. Clearly this new representation defines an equivalent
problem. Let κ := (M1 ; M2 ; : : : ; Mn ) be a signature consisting of monadic symbols that do not occur in σ. There are 2n κ-colours, thus we can identify each
element of µ with a κ-colour. Consider Φ(µ;M ) to be the sentence of MMSNP
with: existential monadic predicates, the elements of κ; with universal first-order
variables, the union of the universes of the σ-structures of the forbidden patterns
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in M ; and to have a negated conjunct γ(G;cGµ ) , for each forbidden pattern (G; cG
µ)
in M , constructed as follows:




its α-part contains the atom R(t ) whenever R(t ) holds in G; and
its β-part is the conjunction, for each element x of jGj, of the κ-colour given
by cG
µ (x).

If one applies the constructions used in the previous lemma to derive a representation from this sentence, one obtains a representation that is clearly equivalent to
(µ; M ). Thus it follows that FP(µ; M ) is expressed by Φ(µ;M ) .

Notice that in Lemma 4.5, we have not considered the case of trivial representations. The case of the trivial representations equivalent to 0̃σ is clear, as we
can proceed as in the above proof. The case of the representations equivalent to
0σ is different. It does not really correspond to any sentence of MMSNP, as the
standard semantics for logics ensures that 0σ is always a yes-instance, unless we
extend MMSNP by adding the “sentence” ‘False’. With this convention, from the
two previous lemmas one can derive the following.
Corollary 4.6 MMSNP captures exactly FP.
E XAMPLE .
SNP:

The problem FP(MDC23 ) is expressed by the following sentence of MM-

9C8x8y8z:(`2(x; y; z) ^ w(x; y; z)) ^:(`2 (x; y; z) ^ b(x; y; z)):

Recall the abbreviation introduced in Section 2.4.1:
`2 (x; y; z) = :(E (x; y) ^ E (z; x) ^ E (y; z))

w(x; y; z) = C(x) ^ C(y) ^ C(z) and b(x; y; z) := :C(x) ^:C(y) ^:C(z):

N

4.2 Retracts
The notion of retract allows us to define the notion of a core, that is of a minimal
retract. We recall this notion for the case of structures, extend it to coloured struc-
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tures and develop a notion of core with respect to recolouring for representations.
Together with the notion of template of a representation that shall be introduced
in the next section, the notion of a core of a representation shall allow us to exhibit
a structure that is a no-instance of a given forbidden paterns problem but that can
be coloured nonetheless in a way that respects particular forbidden patterns: these
structures shall be used later in Section 4.6 to build witness families.

4.2.1 Retracts, cores of finite structures and automorphic structures
A retraction of a structure A is a triplet (B; i; s), where B is a substructure of A via
i
s
B
A such that A
B and s Æ i = idB ; that is, such that the following diagram
commutes:
i

B
idB

A
s

B
In this case we say that B is a retract of A. A structure A is said to be automorphic2 if it has no proper retracts, that is, every retract of A is isomorphic to A. An
automorphic retract of A is called a core of A.
Proposition 4.7 Every structure has a unique core (up to isomorphism).
P ROOF. We prove the existence first. Let A be a structure. We prove that A has
a core by induction on jAj. The base case is clear: if jAj = 0 then A is clearly
automorphic, hence it has a core, itself. Assume that any structure A with jAj  n

has a core. Let A be a structure such that jAj = n + 1. If A is automorphic then
we are done. Assume that this is not the case. So there exists a proper retract B of
A. Hence jBj  n and it follows from the induction hypothesis that B has a core.
Since clearly a retract of B is a retract of A, it follows that a core of B is a core of
A. Finally A has a core.
We now prove the uniqueness of the core of a structure up to isomorphism. Let
A be a structure and B1 and B2 be cores of A. That is, there are B1
2 We

use the terminology proposed in [22].

i1

A, A

s1

B1
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i2

A, A

s2

B2 such that s2 Æ i2 = idB2 . Consider the

homomorphic image of B1 via s1 Æ i2 Æ s2 Æ i1 : it is clearly a retract of B1 . Since B1
is automorphic, it follows that s1 Æ i2 is surjective and s2 Æ i1 is injective. One can
consider as well the homomorphic image of B2 via s2 Æ i1 Æ s1 Æ i2 and derive that
s2 Æ i1 is surjective and s1 Æ i2 is injective. Hence we have proved that B1 and B2

are isomorphic, since s1 Æ i2 and s2 Æ i1 are isomorphisms.

Let A be a σ-structure. Denote by core(A) some representative among the set
of cores of A.
E XAMPLE . Any DCn is automorphic. However, for cycles: for p  2, C2p is not auto-

morphic and its core is C2 ; and for p  1, C2p+1 is automorphic.

N

It follows from Proposition 2.1 that CSP(core(A)) = CSP(A). Hence in our
study of homomorphism problems, we can restrict ourselves to problems whose
templates are cores without loss of generality. Notice however that if one is interested in counting the number of homomorphisms, that is, in complexity classes
like ℄P as in [7] then this is not necessarily the case; i.e. the problem ℄CSP(A) (the
number of homomorphism of a given B to A) is not the same as ℄CSP(core(A)) in
general. Furthermore, Hell and Nešetřil have shown in [24], that deciding whether
a graph is a core or not is co-NP-complete.

4.2.2 Retracts, cores of coloured structures and automorphic
coloured structures
A retraction of a coloured structure (A; cA ) is a triplet ((B; cB ); i; s), where (B; cB )
i
s
is a subcoloured structure of (A; cA ) via (B; cB )
(A; cA ), (A; cA )
(B; cB ) satisfying s Æ i = id(B;cB ) . In this case, (B; cB ) is called a retract of (A; cA ). This
property can be summarised by the following diagram.
s

B
idB

A
i

B

cA
cB

µ
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A coloured structure (A; cA ) is said to be automorphic if it has no proper retracts.
An automorphic retract of (A; cA ) is called a core of (A; cA ).
Proposition 4.8 Every coloured structure has a unique core (up to isomorphism)
P ROOF. Similar to the proof of Proposition 4.7.



Let (A; cAµ ) 2 STRUCµ (σ). Denote by core(A; cAµ ) some representative among
the set of cores of (A; cAµ ).
E XAMPLE .

Notice that if A is automorphic then (A; cA ) is automorphic for any cA ,

however the converse is not true: consider for a counter-example the 2-coloured structure
consisting of two elements, one coloured black, the other white, connected via an edge to
some white element, depicted as follows,



}

}

As a coloured structure it is automorphic, however, if one consider this structure without
its colouring, that is as follows,

Æ

Æ

Æ

then it is not a core.
Let n > 0: W DCn , BDCn and ADCn are automorphic.

Let p  0: WC2p+1 , BC2p+1 and AC2p+1 are automorphic.

Let p  1: WC2p , BC2p and AC2p are not automorphic and have for respective cores, WC2 ,

N

BC2 and AC2 .

Lemma 4.9 Let (µ; M ) be a representation. There exists a representation (ν; N )
such that every forbidden pattern (N ; cN ) in N is a coloured core and
(µ; M )

t (ν ; N ):

P ROOF. Set ν := µ and N := fcore(M ; cM ) such that (M ; cM ) 2 M g. It follows
directly from the definition of a coloured core that the mapping r defined as in the

proof of Lemma 4.2 is an isorecolouring.
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The following follows from Lemma 4.2 and from the previous lemma.
Corollary 4.10 Every forbidden patterns problem can be given by a simple representation (µ; M ) such that every forbidden pattern (M ; cM ) in M is a coloured
core.
In the light of this corollary, from now on, unless otherwise stated we shall
only ever consider simple representations such that each forbidden pattern is a
coloured core. We now show by way of a back and forth argument that if two such
representations are equivalent up to isorecolouring then they are just the same up
to a renaming of the colours. Hence one obtains a notion of isorecolouring nearer
to the intuitive one derived from the notion of isomorphism in the case of such
representations.
h0

N

=

M

M

h

N

M0

hÆh0

cµM

M

cM
ν

0

cM
µ

cN
ν

ν

µ

r

Let (µ; M ) and (ν; N ) be two simple representations whose forbidden patterns
are coloured cores. Let r be some isorecolouring of (ν; N ) to (µ; M ). Let
M
(M ; cM
µ ) 2 M . Since r is a recolouring, the inverse image of (M ; cµ ) via r,

1 Æ cM , is not valid for (ν; N ). Hence there exM
that is (M ; cM
ν ), where cν = r
µ
N
ists some forbidden pattern (N ; cν ) in N and some colour preserving homomor-

phism (N ; cN
ν)

h

forbidden pattern
0
(M 0 ; cM
µ )

h0

(M ; cM
ν ).
0
(M 0 ; cµM )

(N ; cN
µ ),

Now r

0 hÆh0

is a recolouring, thus there exists some

in M and some colour preserving homomorphism

where cN
µ

with r it follows that (N ; cN
µ)

fore to (M 0 ; cM
µ )

1

(M ; cM
µ ).

h

= (r 1 ) 1
(M ; cM
µ ).

Æ cNν = r Æ cNν .

Hence by composition

The composition of h and h0 leads there0

M
Now, since (µ; M ) is simple (M 0 ; cM
µ ) and (M ; cµ )

N
must be the same forbidden pattern. Finally, (M ; cM
µ ) and (N ; cµ ) are homomorphically equivalent via h and h0 . Since they are cores by assumption, they must
be the same forbidden pattern. This proves our claim that simple representations
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whose forbidden patterns are coloured cores that are equivalent up to isorecolouring are simply obtained from each other via a permutation of the colours.

4.2.3 Retracts, cores of representations and automorphic representations
From now on and unless otherwise stated we only ever consider simple representations whose forbidden patterns are coloured cores. A retraction of a representation (µ; M ) is a triplet ((ν; N ); i; s), where (ν; N ) is a subrepresentation
i
(µ; M ) and s is an epirecolouring
of (µ; M ) via the monorecolouring (ν; N )
s
(µ; M )
(ν; N ) such that s Æ i = id(ν;N ) . In this case we say that (ν; N ) is a
retract of (µ; M ). A representation (µ; M ) is said to be automorphic if it has
no proper retracts, that is, every retract (ν; N ) of (µ; M ) is such that (µ; M ) t
(ν; N ):

An automorphic retract of (µ; M ) is called a core of (µ; M ).

E XAMPLE .

Recall that

DC13 6t WDC23 B.

WDC23 B

c02;1

DC13, and that DC13

WDC23 B but that

c01;2

Notice further that; c02 1 is an epirecolouring; and that c01 2 is a

monorecolouring such that c02 1 Æ c01 2
;

;

;

=

idDC1 . In other words
3

DC

(

;

1
3 ; c01;2 ; c02;1 )

is a

WDC B. Furthermore the latter is not automorphic
since it has a proper retract, namely DC13 . However DC13 is automorphic since there can
retraction of the representation

2
3

not be any recolouring of it to a trivial representation; indeed, there is no mapping of 1 to

N

/
0.

Proposition 4.11 Every representation has a unique core (up to isorecolourings).
P ROOF. The proof is similar to the proof of Proposition 4.7. We prove that (µ; M )

has a core by induction on jµj = n.

The base case is clear: if (µ; M ) is a representation such that jµj = 0 then it
can not have a proper retract.
Assume that any representation with n colours has a core. Let (µ; M ) be a

representation such that jµj = n + 1. If (µ; M ) is automorphic then it has a core:
itself. Assume that (µ; M ) is not automorphic. So it has a proper retract (ν; N ). It
follows that jνj < n + 1, otherwise i being a bijection we would have s = i 1 and
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i would be an isorecolouring contradicting the fact that (ν; N ) is a proper retract.
Since ν  n, by the induction hypothesis, it follows that (ν; N ) has a core. Hence
by composition, (µ; M ) has a core.

We now prove the uniqueness of the core of a representation up to isorecolouring. Let (µ; M ) be a representation and (µ1 ; M1 ) and (µ2 ; M2 ) be cores
s1
(µ; M ), (µ; M )
(µ1 ; M1 ) such that
s2
(µ; M ), (µ; M )
(µ2 ; M2 ) such that s2 i2 =

of (µ; M ). That is, there are (µ1 ; M1 )

i1

s1 Æ i1 = id(µ1 ;M1) and (µ2 ; M2 )
Æ
id(µ2 ;M2 ) . Consider the image of (µ1 ; M1 ) via the recolouring s1 Æ i2 Æ s2 Æ i1 : call
this image (µ01 ; M10 ). We now show that (µ01 ; M10 ) is a retract of (µ1 ; M1 ). Indeed,
i2

s01 := s1 Æ i2 Æ s2 Æ i1 is an epirecolouring of (µ1 ; M1 ) to (µ01 ; M10 ) by definition of
(µ01 ; M10 ). Moreover set i01 to be simply id(µ1 ;M1 ) restricted to µ01 . It is clearly a

monorecolouring of (µ01 ; M10 ) to (µ1 ; M1 ). Thus ((µ01 ; M10 ); s01; i01 ) is a retract of
(µ1 ; M1 ). Since (µ1 ; M1 ) is automorphic, it follows that s1 Æ i2 Æ s2 Æ i1 is an isorecolouring. Hence s1 Æ i2 is surjective and s2 Æ i1 is injective. One can consider as
well the image of (µ2 ; M2 ) via the recolouring s2 Æ i1 Æ s1 Æ i2 and derive that s2 Æ i1 is
surjective and s1 Æ i2 is injective. Hence we have proved that (µ1 ; M1 ) t (µ2 ; M2 ),

since s1 Æ i2 and s2 Æ i1 are isorecolourings.



Let (µ; M ) be a σ-representation. Denote by Core(µ; M ) some representative
among the set of cores of (µ; M ) that have the properties of being:



simple; and



whose forbidden patterns are all coloured cores.

Note that the above is well-defined according to Lemma 4.2 and Lemma 4.9.
The following corollary follows from Proposition 4.1.
Corollary 4.12 Let (µ; M ) be a σ-representation. Then,
FP(µ; M ) = FP(Core(µ; M )):
E XAMPLE . We show that MDC2n is an automorphic representation for any n  2 . Notice
first that it is simple and each forbidden pattern is a connected core. In order to check
whether it is automorphic, it is enough to check for proper retracts induced by retractions
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that are simple and whose forbidden patterns are coloured cores (by Corollary 4.10). Let
((ν; N ); i; s)

be such a retract. The map s must identify at least two colours, that is,

w.l.o.g. ν = 1 and i is the recolouring such that i(0) = 0. We claim that this implies that

W DCn 2 N . Indeed, since i is a recolouring and we assumed that i(0) = 0, we would have
a forbidden pattern in N that would map into W DCn (the inverse image of the forbidden

pattern W DCn via i). Moreover since s Æ i = id(ν N ) and s is a recolouring, W DCn would
;

map to this forbidden pattern (the particular inverse image of this forbidden pattern via
s coloured in white only). Hence, it follows from our assumption on the retract (ν; N )
(simple and coloured cores only) that this forbidden pattern is nothing else than W DCn .
But then one inverse image of W DCn via s would be ADCn . But the latter is valid with
respect to MDC2n . So there is only one case left to check which trivially can not hold; the

case of the representation with a void colour set. There is simply no mapping to the void
set from any set except the void set himself, so there can not be any epirecolouring of the
considered representation to this trivial representation and we are done.
It can be easily checked that the representations

MC22p

+1

and MC22 are automorphic.

MC22p , for any p  1, are
examples of representations that are automorphic too. They are all equivalent to MC22 , up

The proof is similar to the previous one. The representations
to isorecolouring, as we said earlier.
The representations

ADC22p ME, for any p  1, are automorphic.

were some proper retract

((ν; N ); i; s)

Indeed, if there

then the only case to check is the case when ν

contains exactly one colour. So assume w.l.o.g. that ν = 1 and i(0) = 0. Then there must
be some forbidden pattern (N ; cN ) in N such that there exists some (N ; cN )

n

W E. One

possible inverse image of (N ; cN ) via s being monochromatic and, say, white (since the
only monochromatic white forbidden pattern is W E itself and since we assumed (ν; N ) to
be simple and to have only coloured cores as forbidden patterns) it follows that (N ; cN ) is
the coloured structure W E. One possible inverse image of W E is the structure consisting
of a single edge whose origin is coloured white and target is coloured black. However,
this coloured structure is clearly valid for ADC22p

ME. Thus our claim follows.

N

4.3 Templates
In this section, we shall introduce the notion of a template for a representation; it
is a structure associated with some particular forbidden patterns of a given repre-
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sentation, the so-called conform forbidden patterns. It is constructed in the same
way as the template of a problem that is captured by a sentence of MMSNP that
is conform (cf. the proof of Lemma 3.5 in the previous chapter). Hence it is not
surprising that a problem given by a conform representation is in CSP (in the light
of Lemma 4.4). Furthermore, we shall see that if the template of a given representation has a valid colouring then this representation has a conform retract. This
leads to an important result: the template of an automorphic representation that is
not conform has no valid colouring. However, it can be coloured in such a way
that the only forbidden patterns that witness that the colouring is not valid are not
conform; in other words, one can colour the template such that it is valid if one
considers each of its tuples separately.
This section is organised as follows. First, we shall define precisely the notion
of a conform forbidden pattern and derive from results of the previous chapter that
CSP is a strict subset of FP. Secondly, in Section 4.3.2, we shall define the notion
of a template of a representation and we shall investigate the relation between the
existence of recolourings between two given representations and the existence of
homomorphisms between their templates (we hope to make clear to the reader in
which sense we consider a recolouring to be a generalisation of a homomorphism).
Finally, in Section 4.3.4, we prove the result mentioned above.

4.3.1 CSP is included in FP
A coloured structure (A; cA ) is said to be antireflexive whenever A is antireflexive.
A coloured structure (A; cA ) is said to be monotuple whenever A is monotuple, and

non-sbavate 3 whenever for each a 2 jAj, there exists some r-ary relation symbol
R in σ and some r-tuple ā such that RA (ā) holds and a 2 fāg. A representation
(µ; M ) is said to be conform if every forbidden pattern (M ; cM
µ ) 2 M is monotuple,
non-sbavate and antireflexive.

Let (µ; M ) be a conform σ-representation. Then the sentence of MMSNP that
expresses FP(µ; M ) given by Lemma 4.5 is clearly conform. Thus by Lemma 3.5,
it follows that FP(µ; M ) is in CSP. However we can state more.
3 from

the italian, literally that does not dribble; when a kid is colouring in outside the lines,
italians say that the colours have dribbled.
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Proposition 4.13 Let (µ; M ) be a conform σ-representation. There exists a σstructure T such that CSP(T ) = FP(µ; M ). Conversely, let T be a σ-structure.
There exists a conform σ-representation (µ; M ) such that CSP(T ) = FP(µ; M ).
Moreover this is a one-to-one correspondence.
P ROOF. For the first part, one could use the argument given above, but we shall
implement the construction directly, as this construction shall be used later. Let
(µ; M )

be a conform σ-representation. Construct T as follows.

 jT j := µ; and


for any r-ary relation symbol R in σ and any t¯ = (t1; t2 ; : : :; tr ) 2 jT jr , set
RT (t¯) to hold if, and only if, there is no forbidden pattern in M that is
equivalent to (M ; cM ) up to colour preserving isomorphism, where M is the
antireflexive, non-sbavate and monotuple structure defined as follows:
– jM j := fx1 ; x2 ; : : :; xr g; and
– RM (x1 ; x2 ; : : : ; xr ) is the only tuple to hold,
and is coloured as,
cM :

jMj !
xi 7!

µ
ti (1  i  r):

Conversely, let T be a σ-structure. We derive a representation (µ; M ) from T as
follows:



µ := jT j; and



for any symbol R in σ and any r-tuple t¯ 2 jT jr such that RT (t¯) does not
hold, add the following antireflexive, non-sbavate and monotuple coloured
structure (M ; cM
µ ) as a forbidden pattern:
– jM j := fx1 ; x2 ; : : :; xr g; and
– RM (x1 ; x2 ; : : : ; xr ) is the only tuple to hold,
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and is coloured as,
cM :

jMj !
xi 7!

µ

ti (1  i  r):

This clearly establishes a one-to-one correspondence between σ-structures and
conform σ-representations. We now prove that FP(µ; M ) = CSP(T ). Let A be a
σ-structure.
A 2 FP(µ; M )

() 9cAµ : jAj ! µ; (A; cAµ) is valid for (µ; M )
() 9cAµ : jAj ! µ; V (M; cMµ ) (A; cAµ)
M c 2M
A
() 9c : jAj ! µ; V 8m : jMj ! jAj(M
=

(

µ

;

M)
µ

(M ;cM
µ )

2M

=

A _ cAµ Æ m 6= cM
µ )

() 9 : jAj ! µ;
V 8m : jMj ! jAj(:RA(m(x ); m(x ); : : :; m(x )) _ cA Æ m 6= cM )
1
2
r
µ
µ
cAµ

(M ;cM
µ )

2M

() 9cAµ : jAj ! µ;
V 8a ; a ; : : : a 2 jAj(:RA(a ; a ; : : :; a ) _91  i  r; cA(a ) 6= cM (x ))
1 2
r
1 2
r
i
µ i
µ
M c 2M
() 9cA : jAj ! µ; V 8ā 2 jAjr ; cA(ā) = t¯ ) :RA(ā)

(

;

M)
µ

µ

:RT (t¯) t¯2jT jr

µ

;

() 9cAµ : jAj ! µ = jT j; 8r-ary R 2 σ; 8ā 2 jAjr ; :RT (cAµ(ā)) ) :RA(ā)
c
() 9cAµ : jAj ! µ; A T
() A 2 CSP(T ):
A
µ


We then derive the following:
Corollary 4.14 CSP ( FP.
P ROOF. The inclusion comes from the previous lemma. It is strict since, for
example, the problem N O -M ONO -T RI was shown in Section 2.4.1 to be expressed
by a sentence of MMSNP and not in CSP. Thus, by Lemma 4.4 this provides an
example of a forbidden patterns problem that is not in CSP.
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4.3.2 Template of a representation
In fact, one can put aside in a given representation those forbidden patterns that are
monotuple, non-sbavate and antireflexive, and for this subrepresentation construct
a template. Thus, one can associate to any representation a template that shall
somehow measure its conform part. Let (µ; M ) be a σ-representation. Consider
its subrepresentation (µ; D ) that corresponds to its conform part, that is, where D
is the following subset of M :

f(M; cMµ ) s.t. (M; cMµ ) 2 M and is antireflexive, non-sbavate and monotupleg:
The subrepresentation (µ; D ) of (µ; M ) is conform, hence it follows from Proposition 4.13 that there exists some template T such that
CSP(T ) = FP(µ; D )  FP(µ; M ):
We call T the template of the representation (µ; M ).
We claimed that our notion of recolouring generalises the notion of homomorphism; and the following proposition makes this more precise.
Proposition 4.15 Let (µ; M ) and (ν; N ) be two σ-representations and let T(µ;M )
and T(ν;N ) be their respective templates. If (µ; M )
pattern in M is non-sbavate then T(µ;M )

h

h

(ν; N ) and every forbidden

T(ν;N ) .

When we consider a monotuple antireflexive structure N;




with domain fx1 ; x2 ; : : : ; xr g; and
with the tuple R(x1 ; x2 ; : : : ; xr ), where R is some r-ary symbol from σ.

We shall simply speak of the structure R(x1 ; x2 ; : : :; xr ).
P ROOF. Let R be a r-ary symbol in σ and t¯ 2 µr = jT(µ;M ) jr . By construction
of T(ν;N ) , RT(ν N ) (h(t¯)) does not hold if, and only if, there exists some forbidden
pattern that is isomorphic to (R(x1 ; x2 ; : : : ; xr ); h Æ cN
µ ) in N , where,
;

cN
µ :

jN j !
xi 7!

µ
ti (1  i  r):
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As h is a recolouring, (R(x1 ; x2 ; : : :; xr ); cN
µ ) is not valid for (µ; M ). Hence, there
exists some (M ; cM
µ ) 2 M and some f such that,

M f
N
(M ; cµ )
(R(x1 ; x2 ; : : :; xr ); cµ ):
N
Since (M ; cM
µ ) is non-sbavate and since (R(x1 ; x2 ; : : :; xr ); cµ ) is antireflexive, it
M
follows that (R(x1 ; x2 ; : : :; xr ); cN
µ ) is a subcoloured-structure of (M ; cµ ). In other
N
words, (M ; cM
µ ) is homomorphically equivalent to (R(x1 ; x2 ; : : : ; xr ); cµ ). Moreover, since we consider only representations whose forbidden patterns are colouN
red cores (cf. Section 4.2.3) then we must have (M ; cM
µ ) t (R(x1 ; x2 ; : : :; xr ); cµ ).
Finally, by definition of the template it follows that RT(µ M ) (t¯) does not hold. 
;

The notions of a homomorphism and of a recolouring clearly coincide in the
case of conform representations and, furthermore, one can state a weaker form of
the converse of the previous proposition; the converse itself being obviously false.
Indeed, consider MDC22 and MDC23 . These representations share the same template, the structure with domain 2 and all possible edges between the elements, as
they do not have any antireflexive, non-sbavate and monotuple forbidden patterns.
However, there is no recolouring of MDC22 to MDC23 (since 2 does not divide 3).
Proposition 4.16 Let (µ; M ) and (ν; N ) be two σ-representations and let T(µ;M )
and T(ν;N ) be their respective templates. If T(µ;M )
then (µ; M )

h

h

T(ν;N ) and (ν; N ) is conform

(ν; N ).

P ROOF. Let R be a r-ary relation symbol in σ and t¯ 2 µr = jT(µ;M ) jr .
Let (R(x1 ; x2 ; : : : ; xr ); h Æ cN
µ ) 2 N , where,
cN
µ :

jN j !
xi 7!

µ
ti (1  i  r):

By definition, RT(ν N ) (h(t¯)) does not hold, hence RT(µ M ) (t¯) does not hold since
;

T(µ;M )

h

;

T(ν;N ) . Thus by construction of T(µ;M ) , it follows that the forbidden

pattern (R(x1 ; x2 ; : : : ; xr ); cN
µ ) belongs to M . Hence, we have (µ; M )

h

(ν; N ).
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Remark. Notice that we can relax a bit the hypothesis “(ν; N ) is conform” to

replace it by “any forbidden pattern of the form (M ; h Æ cM
µ ) in N is conform”.

In the following we prove that any non-conform forbidden pattern of a simple
representation with template T is in fact a T -coloured structure. Hence, we can
give equivalently a simple representation by giving its template together with its
set of non-conform forbidden patterns.

Proposition 4.17 Let (µ; M ) be a representation with template T . If (µ; M ) is
simple then for any non-conform (M ; cM ) in M , we have M

cM

T.

P ROOF. Let (µ; M ) be a simple representation. Let T be its template. SupcM

pose that (M ; cM ) in M is a non-conform forbidden pattern such that M = T .
Let R be some r-ary relation symbol in σ and ȳ be some r-tuple in M such that
RM (ȳ) holds but RT (cM (ȳ)) does not. By definition of the template of a representation, there is some conform forbidden pattern (D; cD ) in M that is isomorphic to

7! cM (ȳ)) via some i. Hence we would have (D; cD) mÆi (M; cM ),
where m is defined by setting m : x̄ 7! ȳ (this is well defined as (D; cD ) is conform
1

(R(x1 ; : : :; xr ); x̄

and so it must be antireflexive). We obtain a contradiction as we assumed the



representation (µ; M ) to be simple.

In the light of the previous proposition, we can give a simple representation
equivalently as a σ-structure T together with a set M of T -coloured non-conform
structures, that is, a set of non-conform coloured structures (M ; cM ) such that
cM

M
T . We denote by (T ; M ) a representation in this new setting. The definition of validity of a coloured structure (A; cA ) becomes the following in this new
cA

cM

setting. (A; cA ) is valid w.r.t. (T ; M ) if, and only if, A
T and for any M
T
m
A
M
A, c Æ m 6= c . That is, A is not valid if A = T or for any
in M and any M
T , there exists some (M ; cM ) in M and some m : M
A such that the
cA : A
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following diagram commutes.
M

m

A

M
cM

cA

T
Notice that our new notation is compatible with the notation previously used,
as one can consider that some µ-coloured structure (M ; cM
µ ) is in fact a Kµ -coloured

structure where Kµ denotes the clique with jµj-elements; that is the σ-structure
with domain µ and such that for any r-ary relation symbol R in σ, RKµ = µr .
Hence instead of (µ; M ), read (Kµ ; M ). We chose not to incorporate the template
within the definition of a representation for various reasons. First, it would have
made the translation between MMSNP and FP harder; secondly, it would have
complicated a great deal the definition of recolouring and therefore of the key
notions of retracts and so forth, unless we had assumed already many properties
of a representation, as being non-sbavate, simple, etc which would have made the
above mentioned translation “less” one-to-one.

4.3.3 Canonical representation
Recall that in the previous chapter, we introduced the notion of “collapsed” sentences of MMSNP. We shall do something similar with simple representations.
We define a representation (T ; M ) to be rigid whenever the validity of a coloured
structure is equivalent to a weaker property, namely if, and only if, the following
holds.



Any jT j-coloured structure (A; cA ) is valid for (T ; M ) if, and only if, A
and for any M

cM

T in M and any M

m

A, cA Æ m 6= cM .

cA

T
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That is, A is not valid if A

=

T or for any cA : A

M and some embedding m : M

T , there exists some (M ; cM ) in

A such that the following diagram commutes.
M

m

A

M
cA

cM

T
For any simple representation (T ; M ), there exists a rigid representation that
is equivalent up to isorecolouring, namely (T ; HM ), where HM denotes the set
of homomorphic images of structures from M that preserve the colouring. That
is, for any (M ; cM ) in M , and any homomorphic image h(M ) of M such that the
following diagram commutes,
M
h

cM

T

ch(M)

h(M )
consider the coloured structure (h(M ); ch(M) ) as a new forbidden pattern. Notice
that the representation hence obtained is not necessarily simple anymore; however
we show easily that it is rigid. Assume that some coloured structure (A; cA ) is not
valid with respect to this new representation: some forbidden pattern (M ; cM )
maps into (A; cA ) via some colour preserving homomorphism m. By construction, the homomorphic image of (M ; cM ) via m is also a forbidden pattern, and it
embeds in (A; cA ).
We can ensure furthermore that there is no redundancy by removing from
HM those structures, a proper substructure of which also occurs in HM ; i.e., we
simplify with respect to embedding instead of homomorphism, keeping only one
isomorphic copy. Denote by SHM the set hence obtained. Notice that it follows
that SHM contains coloured cores only. Call a representation that is rigid and
simple (with respect to embedding) and whose forbidden patterns are coloured
cores, a canonical representation. We have proved the following.
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Proposition 4.18 Any simple representation is equivalent to a canonical representation, up to isorecolouring.

4.3.4 Valid colourings of the template and retracts
We show that if the template of the representation of a forbidden patterns problem
is a yes-instance of this problem then this representation has a particular retract
that is conform. Hence, the problem is in fact in CSP.
Proposition 4.19 Let (T ; M ) be a simple representation. If (T ; cT ) is valid w.r.t.
(T ; M ) then (T ; M ) has a conform retract, namely (cT (T ); 0/ ).
P ROOF. Let (T ; M ) be a simple representation. Assume that (T ; cT ) is valid. It
follows that T
(M ; cM )

cT

T and that there can not be any non-conform forbidden patm

tern
in M such that (M ; cM )
(T ; cT ). Hence, there is simply no nonconform forbidden pattern of the form (M ; cT Æ m) in M . It follows by (the remark
following) Proposition 4.16 that cT defines an endorecolouring of (T ; M ) (a recolouring of (T ; M ) to (T ; M )). Consider its image; that is, the representation
(cT (T ); 0/ ). Let i be the identity of cT (T ). Then ((cT (T ); 0/ ); cT ; i) is a retract of
(T ; M ).



Notice that this result also holds for canonical representations (we do not really
use the fact that the representation is simple but a weaker property possessed by
canonical representations, namely that the non-conform forbidden patterns are T coloured structures).
Theorem 4.20 Let (T ; M ) be some non-conform simple automorphic representation. There is no valid colouring for T with respect to (T ; M ).
P ROOF. If T were to have a valid colouring then it would follow from the previous result that (T ; M ) would have a conform retract. i.e. that it is equivalent
to a conform representation, up to isorecolouring, since it has no proper retracts.
Therefore, it would follow that it is conform itself. Which yields a contradiction.
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4.4 Feder-Vardi transformation of a representation
The idea of this transformation is directly inspired from that performed on sentences of MMSNP in the previous chapter: it consists in picking any forbidden
pattern (S; cSµ ) that can be decomposed into two components (P0 ; cP0 ) and (P1 ; cP1 )
with only one common articulation point x of colour χ 2 µ; replacing χ by two
copies χ0 and χ1 ; and making copies of the forbidden patterns accordingly (any
vertex that has colour χ takes now either the colour χ0 or the colour χ1 ) except

for (S; cSµ ) which is replaced by two families of forbidden patterns: one family
is induced by (P0 ; cP0 ) and the other by (P1 ; cP1 ); χ0 and χ1 replace the colour χ
as above, with the exception of the articulation point x; it has colour χ0 (respectively χ1 ) in the forbidden patterns induced by (P0 ; cP0 ) (respectively (P1 ; cP1 )).
This transformation leads to a representation that defines the same problem. As
in the case of sentence of MMSNP, we would like to apply a sequence of these
elementary transformations until there are only biconnected forbidden patterns remaining; but, it is not clear whether this procedure terminates. Indeed, at each step
we add a colour and get about twice as many forbidden patterns as before. Notice however that this transformation concerns more the structure of a forbidden
pattern than its set of colour: we can simultaneously carry out the transformation
over a set of forbidden patterns that share the same structure. This leads us to the
notion of a compact coloured structure that shall allow us to split simultaneously
all forbidden patterns that share the same σ-structure.
We say that a representation (µ; M ) is connected (respectively biconnected) if

every forbidden pattern (M ; cM ) 2 M is connected (respectively biconnected).

4.4.1 Compact forbidden patterns and compact representation
M ) where M is a σ-structure and cM
We call a pair (M ; c℘
(µ)
℘(µ) a function of jM j to
℘(µ) (the powerset of µ) a compact coloured structure. Note that in the following
we see a compact coloured structure as a set of coloured structures: we see the

colour set asociated with a vertex as a choice. A compact coloured structure is
only a useful shorthand to prove termination. Bearing this in mind, we can extend
the definition of a representation to allow compact coloured structures as forbid-
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den patterns, and call such a representation a compact representation. All related
notions (e.g., recolouring, validity of a colouring for a given structure etc ) extend
naturally to compact representations.
Let (µ; M ) be a representation. We can easily transform (µ; M ) into a compact
representation; e.g. consider the compact representation with:



colour set µ; and



M
replace every forbidden pattern (M ; cM
µ ) in M by (M ; c℘(µ) ) where for every
M (x) := fcM (x)g.
x in jM j: c℘
µ
(µ)

4.4.2 Elementary Feder-Vardi transformations
We defined the notion of a decomposition in Subsection 3.1.3 for σ-structures.
S
) be
This notion extends to compact coloured structures. Let µ 6= 0/ and let (S; c℘
(µ)
some compact coloured structure. Suppose that there exist an element x of S and
two substructures of S, P0 and P1 satisfying the following:

 jP0j[jP1j = jSj;
 jP0j\jP1j = fxg;



for every r-ary relation symbol R in σ and for any x̄ in jSjr , if RS (x̄) holds
then either RP0 (x̄) holds or RP1 (x̄) holds but not both; and
P0 and P1 have at least one tuple each.

Let cP0 (respectively cP1 ) be the restriction of cS to P0 (respectively P1 ). We say
that the pair ((P0 ; cP0 ); (P1; cP1 )) forms a decomposition of (S; cSµ ) in the articulation point x. We denote this by (P0 ; cP0 ) ./ (P1 ; cP1 ).
x

Let (µ; M ) be a compact representation such that M
(P1 ; cP1 )

=M0

[ (S; cS ) and (P0; cP ) ./x
0

forms a decomposition of (S; cS ). Let C = cP0 (x) = cP1 (x). The colour
sets C0 and C1 are defined as fχi jχ 2 Cg, for i = 0; 1. We assume furthermore that
C, C0 and C1 are mutually disjoint. Consider the representation with:
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˙ C1 ; and with
colour set (µ n C)[˙ C0 [



compact forbidden patterns induced from M :
1. (S; cS ) is replaced by the two compact forbidden patterns induced
from the decomposition (P0 ; cP0 ) ./ (P1 ; cP1 ) of (S; cS ) so that:
x

– in the compact forbidden pattern (P0 ; cP0 ), cP0 (x) = C0 ; and
– in the compact forbidden pattern (P1 ; cP1 ), cP1 (x) = C1 .
2. every remaining occurrence of a colour χ 2 C in a compact forbidden pattern (including the two previous ones that have replaced
is replaced by χ0 and χ1 .
We call this representation the elementary Feder-Vardi transformation of (µ; M )
(S; cS ))

with respect to (P0 ; cP0 ) ./ (P1 ; cP1 ).
x

The following result shows that applying some elementary Feder-Vardi transformation to some representation does not change the problem represented.
Proposition 4.21 Let (µ; M ) be some compact representation such that

M

=M

0 [ (P0 ; cP0 ) ./ (P1 ; cP1 )
x

and let (ν; N ) be its elementary Feder-Vardi transformation with respect to the
compact forbidden pattern (P0 ; cP0 ) ./ (P1 ; cP1 ). The following holds:
x

FP(µ; M ) = FP(ν; N ):
P ROOF. Let r be the mapping of ν to µ that



sends every χi 2 Ci onto χ 2 C, for i = 0; 1; and



leaves the other colours fixed.

We show that r is a recolouring. By construction, the inverse images of any forbidden pattern in M 0 belong to N . So, it remains to check the inverse images of
(S; cS ). We may assume without loss of generality that we are checking an inverse
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image of (S; cS ) whose vertex x takes a colour from C0 . Now consider the induced
sub-coloured-structure over P0 : by construction, it is forbidden by the compact
forbidden pattern with σ-structure P0 (remember how we see a compact forbidden pattern as a shorthand for a set of forbidden patterns). This proves that r is a
recolouring. So, it follows by Proposition 4.1 that FP(µ; M )  FP(ν; N ).

We now prove the converse inclusion. Let A be some yes-instance of the
cAµ

problem FP(µ; M ). There exists some jAj
µ such that (A; cAµ ) is valid with
respect to (µ; M ). Now, we construct a valid colouring cAν from cAµ as follows. For

any y 2 jAj such that cAµ (y) 62 C, set cAν (y) := cAµ (y). Suppose now that cAµ (y) =
χ 2 C. (P0 ; cP0 ) ./ (P1 ; cP1 ) belongs to M and (A; cAµ ) is valid with respect to
(µ; M ):

x

it follows that (P0 ; cP0 ) ./ (P1 ; cP1 )

h0
(P0 ; cP0 )
(A; cA
µ)



and (P1 ; cP1 )

h1

(A; cA
µ ),

If y is such that (P0 ; cP0 )

h0

(A; cA
µ)

h1
(P1 ; cP1 )
(A; cA
µ ) for
safely set cAν (y) := χ1 .




=

x

(A; cA
µ ).

Thus, we can not have both

where h0 (x) = h1 (x) = y.

with h0 (x) = y, we can not also have

some h1 such that h0 (x) = h1 (x) = y. Hence, we can

Similarly, if y is such that (P1 ; cP1 )
cAν (y) := χ0 .

h1

(A; cA
µ)

with h1 (x) = y, we can set

Otherwise, we set arbitrarily cAν (y) := χ0 or cAν (y) := χ1 .

By definition of the elementary Feder-Vardi transformation (A; cAν ) is valid with
respect to (ν; N ) and we have proved the converse inclusion, that is, FP(µ; M ) 
FP(ν; N ).



4.4.3 Rewriting representations
We prove first that every sequence of elementary Feder-Vardi transformations is
finite; and, secondly, that the representations resulting from such sequences are
the same (up to isorecolouring).
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Termination.

Let (S; cS ) be a connected compact coloured structure. Assume

that (S; cS ) requires i splittings in order to yield biconnected structures only; that
is, (S; cS ) is a structure of the form:
P
P
P
(P0 ; c 0 ) ./ ((P1 ; c 1 ) ./ (: : : (Pi 1 ; c i
x0
x1

1)

./ (Pi ; cPi )) : : :));

xi

1

where (Pj ; cPj ) is biconnected, for j = 0; 1; : : :; i. We call i the rank of the structure
(S; cS ).
Let (µ; M ) be a connected compact representation. Let ai be the number of distinct compact forbidden patterns in M that have rank i. We associate to the representation (µ; M ) the polynomial P(X ) = Σi ai X i .
Recall that we want to transform a given connected representation via a sequence
of elementary Feder-Vardi transformations until there are biconnected or conform
forbidden patterns only.
We show that there can not be an infinite sequence of elementary Feder-Vardi
transformations. After each elementary transformation, we get a polynomial that
is strictly smaller; if we split according to some compact forbidden pattern of
rank j > 1 with respect to some decomposition that leaves one forbidden pattern
of rank k < j and one of rank j
where,
8

k then we get the polynomial P0 (X ) = Σi bi X i

>
aj 1
>
< ak + 1
bi =
>
aj k +1
>
: ai

, if i = j
, if i = k
, if i = j

k

, otherwise.

So, we have P0 < P, where < denotes the standard linear order over polynomials
(which is well-ordered) and the result follows.
Uniqueness.

We prove that the order in which the elementary transformations

are carried out over a given representation is not relevant 4 , the representations are
equivalent up to isorecolouring.
Let M be a set of compact forbidden patterns. We denote by [M ℄χxχ0 _χ1 the set
4 In

the terminology of rewriting systems, that is, if we see each elementary transformation as
a rewriting rule, then our system would be said to be locally confluent.
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of compact forbidden patterns obtained from M by replacing every occurrence of
the colour χ by χ0 and χ1 . We sometimes need to have an exception to such a
replacement rule and so we denote by [M [f(P0 ; cP0 )x7!χ0 g℄χxχ0_χ1 the fact the
replacement of χ by χ0 and χ1 does not apply to vertex x of (P0 ; cP0 ) which must
take colour χ0 only. According to this notation, the elementary Feder-Vardi transformation of (µ; M 0 [f(P0 ; cP0 ) ./ (P1 ; cP1 )g) with respect to (P0 ; cP0 ) ./ (P1 ; cP1 ),
x

if we assume further that vertex x has colour set fχg in(P0
the following set of compact forbidden patterns:
[M

; cP0 )

x

./ (P1 ; cP1 ), has
x

[f(P0; cP )x7!χ g; (P1; cP )x7!χ g℄χxχ _χ
0

1

0

1

0

1

Let (µ; M ) be a connected compact representation.
Consider first the case of different compact forbidden patterns that could be used
for an elementary Feder-Vardi transformation; that is, assume that M = M 0 [
f(S; cS); (U ; cU )g, where: (S; cS) = (P0; cP0 ) ./ (P1; cP1 ) and (U ; cU ) = (Q0 ; cQ0 ) ./
x

y

We assume for simplicity that cS (x) = fχx g and cU (y) = fχy g. There
are different cases to consider.
(Q1 ; cQ1 ).

(α1 ) χx 6= χy
It can be easily checked that applying a transformation with respect to
(P0 ; cP0 ) ./ (P1 ; cP1 ), followed by a transformation with respect to the comx

pact forbidden pattern induced by (Q0 ; cQ0 ) ./ (Q1 ; cQ1 ) leads to the same
y

transformation as the other way around (note also that this case is very similar to the case (β1 ) which is treated thoroughly underneath).
(α2 ) χx = χy = χ
Splitting according to (P0 ; cP0 ) ./ (P1 ; cP1 ), we get:
x

[M

0 [f(P0 ; cP0 )x7!χ0 ; (P1 ; cP1 )x7!χ1 ; (Q0 ; cQ0 ) ./ (Q1 ; cQ1 )g℄χxχ _χ
0

y

1

Splitting according to (Q0 ; cQ0 ) ./ (Q1 ; cQ1 ), we finally get:

"

y

M0

[ f(P0; cP )x7!χ

_χ01 ; (P1 ; cP1 )x7!χ10 _χ11 ;
(Q0 ; cQ0 )y7!χ00 _χ10 ; (Q1 ; cQ1 )y7!χ01 _χ11 g
0

00

#
xχ00 _χ01 _χ10 _χ11

χ
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Splitting first according to (Q0 ; cQ0 ) ./ (Q1 ; cQ1 ) and then according to
y

(P0 ; cP0 ) ./ (P1 ; cP1 ),
x

"

we get:

[ f(P0; cP )x7!χ

M0

_χ10 ; (P1 ; cP1 )x7!χ01 _χ11 ;
(Q0 ; cQ0 )y7!χ00 _χ01 ; (Q1 ; cQ1 )y7!χ10 _χ11 g
00

0

#
xχ00 _χ01 _χ10 _χ11

χ

Consider the mapping r that sends χi j to χ ji , for i = 0; 1 and j = 0; 1, and
leaves the other colours invariant: r is clearly an isorecolouring.
Consider now the case of a compact forbidden pattern that admits two different
decompositions; that is, M

= [M 0

[f(S; cS)g℄, where:

S
P
P
P
P
P
P
(S; c ) = ((P0 ; c 0 ) ./ (P1 ; c 1 )) ./ (P2 ; c 2 ) = (P0 ; c 0 ) ./ ((P1 ; c 1 ) ./ (P2 ; c 2 )):
x
y
x
y

We assume for simplicity that cS (x) = fχx g and cS (y) = fχy g. There are different
cases to consider.
(β1 ) χx 6= χy
Splitting according to ((P0 ; cP0 ) ./ (P1 ; cP1 )) ./ (P2 ; cP2 ), we get:
x

[M

y

0 [f((P0 ; cP0 ) ./ (P1 ; cP1 ))y7!χy0 ; (P2 ; cP2 )y7!χy0 g℄χ xχ _χ
y
y0
y1
x

Splitting according to ((P0 ; cP0 ) ./ (P1 ; cP1 ))y7!χy0 , we finally get the followx

ing set N of compact forbidden patterns;

"

M0

[ f(P0; cP )x7!χ
0

x0

#

;

(P1 ; cP1 )x7!χx1 ^y7!χy0 ; (P2 ; cP2 )y7!χy1

g

χx

xχx0 _χx1 ^χyxχy0 _χy1

Similarly, if we proceed by first splitting according to (P0 ; cP0 ) ./ ((P1 ; cP1 ) ./
(P2

; cP2 ))

and then according to ((P1

; cP1 )

./ (P2
y

lowing set N 0 of compact forbidden patterns;

"

M0

[ f(P0; cP )x7!χ
0

x0

;

; cP2 ))x7!χx1 ,

(P1 ; cP1 )x7!χx1 ^y7!χy0 ; (P2 ; cP2 )y7!χy1

x

we get the fol-

#
g

χx

y

xχx0 _χx1 ^χyxχy0 _χy1
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N 0 so as the representations obtained are identical, they

are a fortiori equivalent up to isorecolouring.
(β2 ) χx = χy = χ
We leave the last case since it is very similar to case (α1 ).

4.4.4 Definition
We define the Feder-Vardi transformation of a given connected representation to
be the representation obtained from the iteration of elementary Feder-Vardi transformations until there are only biconnected forbidden patterns remaining (we then
expand every compact forbidden pattern into its corresponding set of forbidden
patterns).
This definition together with the previous proposition leads to the following
corollary.
Corollary 4.22 Let (µ; M ) be a representation and (ν; N ) its Feder-Vardi transformation. Then FP(µ; M ) = FP(ν; N ):

4.4.5 Example
Consider the following σ2 -representation P12 := (1; fW OP2g), where W OP2 is
a white directed path of length 2; i.e. it consists of a structure OP2 with three
elements fx; y; zg such that E OP2 = f(x; y); (y; z)g, that is coloured white (the only
colour). The Feder-Vardi transformation of this representation is the following
after simplification; Q = (2; fW DE ; BDE ; BDEW g), where W DE, respectively
BDE, consists of a single directed edge coloured in white, respectively in black
and BDEW consists of a single directed edge with its origin coloured in black and
its target coloured in white. Indeed, a new colour has been introduced ‘black’ and
W OP2 has been split in y yielding two types of forbidden patterns; the first type
consists of a single directed edge whose target must be coloured white, and whose
origin can be either white (the original colour) or black (the copy of the original
colour); and the second type consists of a single directed edge whose origin must
be coloured black (the new colour) and whose target can be either white or black.
This transformation is depicted on Figure 4.4.
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P12

}

}
}

}

(

}

}_)

}

After
elementary
Feder-Vardi transformation



(

}

After simplification

}

}



}





FV(P12 ) = Q
Figure 4.4: example of a Feder-Vardi transformation

}_)
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By the previous corollary the two representations define the same problem and
since the later is conform it follows from Proposition 4.13 that the problem they
define is in CSP. Notice that these representations provide a counter-example to
the converse of Proposition 4.1 as there does not exist any recolouring of P12 to

Q. For this, consider the mapping sending white to white, the inverse image of
W DE is W DE and there does not exist any colour preserving homomorphism of
W OP2 (the unique forbidden pattern of P12 ) to W DE; hence it is not a recolouring.
Similarly the mapping sending white to black is not a recolouring. The templates
of these representations are depicted on Figure 4.5 (we depicted the templates’
element with their corresponding colour, however beware that the template of a
representation is a structure and not a coloured structure).
TQ

TP1
2

}

}



Figure 4.5: Templates of P12 and Q

4.4.6 Feder Vardi transformation and rigidity
We have seen previously that any simple representation is equivalent up to isorecolouring to a canonical representation. Let (T ; M ) be some connected canonical
/ We claim that the Feder-Vardi
representation that is not conform, that is M 6= 0.
transformation of such a representation is rigid.
Suppose there is some (non-conform) forbidden pattern (S; cS ) in M that admits a decomposition (P0 ; cP0 ) ./ (P1 ; cP1 ). Let (ν; N ) be the representation obx

tained from (T ; M ) via the elementary Feder-Vardi transformation with respect to
(P0 ; cP0 ) ./ (P1 ; cP1 ).
x

We have seen in the proof of Proposition 4.21 that there ex-

ists a recolouring r of (ν; N ) to (T ; M ). Furthermore, since (T ; M ) is canonical
it is non-sbavate and by construction so is (ν; N ). Hence if T 0 is the template of
r
(ν; N ), it follows by Proposition 4.15 that T 0
T . Let A be some non-valid structure of the problem represented by (ν; N ) (and (T ; M ) by Proposition 4.21). If
A

cA

T 0 then A

rÆcA

T . A 62 FP(T ; M ) and (T ; M ) rigid implies that there is some
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(M ; r

Æ cM ) in M

(recall that r is surjective) such that (M ; r Æ cM )
m

m

Æ

(A; r cA ).
(M ; cM ) is a for-

Thus, we have (M ; cM )
(A; cA ). Now by construction, either
bidden pattern of the new representation or if (M ; r Æ cM ) is (S; cS ) then without
loss of generality we may assume that some forbidden pattern induced by (P0 ; cP0 )
is a substructure of (M ; cM ). Hence, in any case some forbidden pattern of the
(ν; N ) embeds in (A; cA ) by composition. We have therefore proved that (ν; N )
is rigid.
Notice that it is however not necessarily canonical, but it can be altered slightly
to obtain a canonical representation; each forbidden pattern can be replaced by its
coloured core without affecting the property of being rigid. Furthermore, the set
of forbidden patterns can be simplified with respect to embedding without affecting this key property either. Finally, if some forbidden pattern is not properly
T 0 -coloured, simply discard it. We denote by FV(T ; M ) the canonical representation hence obtained. Notice that by construction if (T ; M ) was connected then
FV(T ; M ) is biconnected.
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4.5 Normal representation
In this section we define the normal form of a connected representation (µ; M );
essentially, it is an automorphic, biconnected and canonical representation that
is equivalent to (µ; M ) (i.e. it represents the same problem). Constructing the
normal form involves the notions of a core (of a representation) from Section 4.2
and of a Feder-Vardi transformation from Section 4.4.
This section is organised as follows. In Subsection 4.5.1, we define the normal
form of a connected representation. In Subsection 4.5.2, we illustrate this notion
by computing the normal form of numerous examples.

4.5.1 Definition
Informally the normal form of a canonical connected representation (T ; M ) is
built as follows. First, consider its canonical Feder-Vardi transformation FV(T ; M );
recall that it has the following properties:



each forbidden pattern is biconnected; and



it is canonical (rigid and simple with respect to embeddings).

Secondly, we want to construct an automorphic representation from FV(T ; M )
but keeping the two above properties. So, if FV(T ; M ) is automorphic, we are
done. Otherwise, we are going to take its core. Recall that the core of a representation is defined up to isorecolouring. So, we consider a particular core to make
sure that the key properties listed above are preserved.
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Let R be a connected representation. Let (T ; M ) be the canonical representation equivalent to R (via some isorecolouring).
1. If FV(T ; M ) is automorphic then set normal(R) := FV(T ; M ).
2. Otherwise, consider its core core(FV(T ; M )); that is, core(FV(T ; M ))
is automorphic and there exist some epirecolouring s and some monorecolouring i with s Æ i = id such that (core(FV(T ; M )); s; i) is a retract of
FV(T ; M ). Set normal(R) to be the subrepresentation of FV(T ; M )
induced by the monorecolouring i.
We call normal(R) the normal representation of R.
The following result shows that the above construction has the properties we
required.
Theorem 4.23 Let R be a connected representation. normal(R) is an automorphic biconnected and canonical representation such that:
FP(R) = FP(normal(R)):
P ROOF. We use the same notation as in the above definition. case (1) is clear.
We now deal with case (2). Let µ be the colour set of FV(T ; M ) and ν that of
core(FV(T ; M )). We show that core(FV(T ; M )) and normal(R) are equivalent
up to isorecolouring: More precisely, we show that idν is an isorecolouring.
Let (N ; cN
ν ) be a forbidden pattern of normal(R). Recall that normal(R)
is an induced subrepresentation of FV(T ; M ): that is, by definition, (N ; cN
ν ) is
a forbidden pattern of normal(R) whenever (N ; i Æ cN
ν ) is a forbidden pattern of
FV(T ; M ). i is a recolouring of core(FV(T ; M )) to FV(T ; M ) implies that the
N
coloured structure (N ; cN
ν ) (the inverse image of the forbidden pattern (N ; cν ) via
idν ) is not valid for core(FV(T ; M )). This proves that:

core(FV(T ; M ))

idν

normal(R):

Let (N ; cN
ν ) be a forbidden pattern of core(FV(T ; M )). Recall that s Æ i = idν .
Since s is a recolouring of FV(T ; M ) to core(FV(T ; M )), it follows that there
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exists some forbidden pattern (M ; cM
µ ) of FV(T ; M ) and some homomorphism
N
This means that cM
µ = i Æ cν Æ m and it follows by definition of an induced subrepresentation that (M ; cN
ν Æ m) is a forbidden pattern of
m
N
(N ; cN
normal(R) such that (M ; cN
ν Æ m)
ν ). Thus, (N ; cν ) (the inverse image of
m
(M ; cM
(N ; i
µ )

(N ; cN
ν)

Æ cNν ).

via idν ) is not valid for normal(R). We have proved that:
normal(R)

idν

core(FV(T ; M )):

It follows directly from the definition that: normal(R) is biconnected; every
of its forbidden patterns are coloured cores; and, it is simple with respect to embeddings (any non-conform forbidden pattern is not a substructure of another non-

conform forbidden pattern). We show that it is also rigid. Let T 0 be the template
of normal(R). normal(R) is connected. So if it has some non-sbavate forbidden
pattern then it must be a forbidden pattern that consists of a single vertex and no tuple (a forbidden pattern that forbids a colour). But normal(R) can not have such a
forbidden pattern since it is also automorphic. Hence normal(R) is non-sbavate.
Thus, by Proposition 4.15, it follows that T 0

i

T . Let A be some no-instance of

FP(FV(T ; M )). Recall that FV(T ; M ) is rigid (it is canonical). If A

cA

T 0 then

iÆcAν

by composition A
T . Thus, there exists some non-conform forbidden pattern
m
M
M
A
(M ; cM
(A; i Æ cA
µ ) of FV(T ; M ) such that (M ; cµ )
ν ). Thus cµ = i Æ cν Æ m holds

and it follows that (M ; cAν Æ m) is a forbidden pattern of normal(R). Hence, we
m
(A; cA
have proved that (M ; cAν Æ m)
ν ). This proves that normal(R) is rigid. 

Remark. The construction of the normal form of a given connected representation
R can be summarised as follows.
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R

t isorecolouring
(T ; M )
epirecolouring

same problem

FV(T ; M )
i
i

s

core(FV(T ; M ))

t isorecolouring
normal(R)

(Subsection

4.3.3)

canonical representation
(Subsection

4.4.6)

canonical Feder-Vardi transformation
(Subsection

4.2.3)

core (of the representation)
(this

section)

induced subrepresentation
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4.5.2 Examples

R; s; i)

Consider the following rep- the problem T RI -F REE -T RI

(

resentation.

of this representation. We

}

defined in Section 2.4,

}

|; }; ~
|

}
}

}

}
|

~

}

}

}
|

~

Notice that it corresponds
to the problem T RI -F REE
that was introduced in Section 2.4.

~

We can make

it canonical as in Subsection 4.3.3:

}

|
is a colour of R, i(|) = |
and s(|) = s(~). It follows
may assume w.l.o.g. that

that:

|

|

is a forbidden pattern of

R.

However, one of its inverse
image via s is the following:

..
.

}

~
|
~

}

is a proper retract

|

~

It is valid, so s is not a recolouring.

}

This yields a

contradiction.
Consider now, the rep-

}
}

}

}

}
}

}
|
}
~

|
|
}
~

resentation of N O -WALK -5
from the same Section. It
has a single colour and as
forbidden patterns all possible orientations of the undi-

We show that this is already rected 5-cycle. In particular
the normal form. Note first the following:

Note that the above repre- that it is rigid and that every
sentation is also automor- forbidden pattern is a bicon-

}

phic and biconnected. So, it nected coloured core. It reis the normal form.
mains to show that it is auto-

}

}

morphic. Assume that this
} }
Consider as another ex- was not the case and that
ample, the representation of
which has the following as
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homomorphic image:

following representation:

}
}

}

}

}

identifies element as depicted as follows by double
arrows:

|

..
.

~

all orientations
and all proper

}
}

}
}

}

}

}

}
}

}

}

}

~
|
}
~

|
|
}
~

}

}

}

3-colouring
..
.

~

}

}
}

}

}

}

}

}

~

}

Similarly, we get:

for:

..
.

}

}

}

}

|; }; ~
|

}

}

via the homomorphism that

as follows:

}
}

Now, every forbidden pat- This case is similar to the
tern being biconnected and previous one. Its normal
the

representation

clearly automorphic,

being
the

So, making this representa- above depicts in fact the
tion rigid by taking all pos- normal form of the represible homomorphic images sentation of the problem
and simplifying with respect N O -WALK -5.
to embedding, we get the
The

restriction

NO-

WALK -5-T RI of the previous problem as defined in
Section 2.4 can be depicted
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We shall now compute can be depicted as follows:

form is as follows:

|; }; ~
|
~

}

|

~

..
.
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some of the normal form of
the representations we introduced in this Chapter. We
leave the cases of
and

MDC

2
4

MDC

2
3

as an exercise

for the reader (it is enough
to make them canonical as
in the previous examples).

MDC23

all orientations

The normal form of

and all proper

can be depicted as follows:

3-colouring
..
.

}

~

}

}

}

~
|

|

}

~
idem
..
.

}

}









}

}




}







}

The case of

MDC25

is

more interesting; it is the
first example of a case

}

~
}
|
}
~

}

}

}

}

|
|
}
~

where we need to apply
the Feder-Vardi transformation. The two colours play



a symmetric role, so we
may consider only the case

The normal form of

MDC24

of the white forbidden patterns. There are two types

In the above, by ‘proper 3-

of homomorphic image of

colouring’, we mean that the

the directed 5-cycle; the ho-

extremities of any edge have

momorphic images which

different colours.

contain WC1 (a self-loop),
and that which contain both
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WC2 and WC3 but no WC1 . As for the second structure, can be depicted as follows:
As WC1 is also a homomor- it can be ignored; it shall

}; ~; |; 

phic image of WC5 , we may be simplified later by one of
ignore the structures of the the two previous forbidden
first type, as they shall be patterns (depending on the
simplified out later. There choice of the colour). For

}
}

are only two structures of example,
the second type (up to iso-

~

morphism):

}
}
and

~

}
}

}

~

Note that this is a general

x

(S; PS ).

colours, say,

shall ignore such homomor-

From now on, we

this structure is replaced by phic images. The case of
the following two (compact) the black forbidden patterns

the colour

}
and

}

~

 stands



}



|

~


}







and as above

f|; g.

The The above depicts the nor2
Feder-Vardi transformation mal form of MDC5 ; indeed,
of the canonical represen- it is easy to check that it is
for

tation equivalent to

}

}

}

forbidden patterns (we leave is symmetric: we denote by
} as an abbreviation for | and  the two copies of

f}; ~g):



}

P0
the Feder-Vardi transforma- isfies that both (P0 ; c ) and
P1
tion, the colour } shall (P1 ; c ) are substructures of

be replaced by two new





property of the homomor-

S
The first structure is not phic image (S; P ) of any
P0
P1
biconnected; hence, during (P0 ; c ) ./ (P1 ; c ) that sat-

} and ~; and,





}

}

}
}

}

embeds in:

}

}

MDC25

automorphic.
Computing the normal

}

form of

MDC2n

becomes

more tedious as n increases;
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indeed, there are more pos- depicted as follows:
sible homomorphic images

its symmetric:

}

and in particular more nonbiconnected homomorphic
images that need to be split.
However, notice that any
of the biconnected compo-





}

}

}



}



}




nents of the homomorphic
image of a directed cycle is
non-conform, hence the nor-

}
}

}

mal form of any of these

and:

representations is not conform.

}

}





}



Using the same notation
as above, after Feder-Vardi
transformation, we finally

For p

=

3 and p

=

4, the

get (note that some of the

normal form is not difficult compact forbidden patterns
either and there is no need represent the same forbidto split. It becomes more in- den pattern, so to be comteresting for p = 5. As in pletely coherent with the

MDC25,

it suf- definition of the normal
fices to consider the follow- form, we should have listed
all possibilities; we beg the
ing homomorphic images of
reader for some comprehenADC10 :

the case of

}

}

Consider now the case

ADC22p
ME. The case of ADC24
ME is easy (no Feder-Vardi

of representations

transformation is needed)
and its normal form can be




}


}
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sion):

of the representation MC25 .

conform.

}; ~; |; 
 }

}

}
} 
}
}


}
~


}
}


}
}

}; ~; |; 
}
}

representations

}


tions are all equivalent up to
isorecolouring; and, the nor-

mal form of MC can be de-

}

~

}

}




}


}


}
we

can prove that: for any p 


We consider the case of odd

}

}

picted as follows:

MDC2n ,



for even n, these representa-

Using a similar argument as
in the case of

We

have seen previously that

}

}

MC



}

It leaves the case of the

2
2

}


}


2
n.

}





|


}

}




|




}


The same argument as the
1, the representation ADC22p n. We leave as an exercise
one used before can be aphas a normal form that is not to the reader that the following depicts the normal form plied to show that the nor-
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4.6 Witness families
In the first part of the present section, we introduce our main tool to prove that
a forbidden patterns problem is not a homomorphism problem, namely a witness
family. Informally, it can be seen as a particular winning strategy for Spoiler
in the following two player game. A representation R is given. The first player,
Duplicator, wants to show that the forbidden patterns problem represented by R is
in fact a homomorphism problem. The second player, Spoiler, wants to prove him
wrong. At each round, Duplicator provides some structure B, claiming that the
homomorphism problem with template B is the same problem as the forbidden
patterns problem represented by R. Spoiler proves him wrong by giving him
either a yes-instance A of FP(R) such that A
A

h

=

B or a no-instance A such that

B. If Spoiler is unable to do this at some round then he has lost the game,

otherwise if Spoiler can keep Duplicator going for ever then Spoiler wins. More
formally, a witness family for R consists of a family of structures F that are all
yes-instances of FP(R) such that for any fixed σ-structure B (which is a possible
candidate for a template if the problem were to be a homomorphism problem)
there exists a structure A in F that witnesses that B can not be such a template.
That is, such that either A

=

B or for some A

h

B, h(A) is not in FP(R).

In the second part of the present section, we only ever consider connected normal representations. If a problem is given by a connected normal representation
that is not conform, we shall build a witness family.
The idea behind the construction is as follows. Suppose we have a normal representation (T ; M ) that is not conform and a structure N that is not valid. Assume
further that there exists a colouring cN for N that is not valid and that (N ; cN ) has
the following property:




N

cN

T (the colouring cN is “OK on the edges”); and,

there exists exactly one forbidden pattern (M ; cM ) in M ((M ; cM ) must be
a biconnected non-conform forbidden pattern as (T ; M ) is normal) such
e

that (M ; cM )
(N ; cN ) and exactly one such embedding e (the colouring
is “wrong” but only because of a single occurrence of a biconnected nonconform forbidden pattern).
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We can “open-up” this colouring of N: pick some vertex u from this single occurrence of (M ; cM ); add a copy v of u; and, from this single occurrence of (M ; cM ),
pick a tuple t that involves u and replace one occurrence of u in t by v. We call
this new structure informally the gadget and u and v its plug-points.
When given some undirected graph G, we can build a large structure S as
follows: replace every edge between two vertices x and y of G by a copy of the
gadget (identify u with x and v with y).
The structure S is a yes-instance whenever the graph G has a girth higher than
the following parameter of the representation (T ; M ): the size of the largest cycle
that is a substructure of any forbidden pattern.
Now, for any candidate B to the role of template for our problem (assume our
problem to be in CSP), provided G has a chromatic number higher than the size of
this candidate B, any homomorphism of the structure S to B must identify the two
plug-points of some copy of the gadget. Hence some homomorphic image of N is
a substructure of B and B is a no-instance: therefore, B can not be the template of
our problem.
Given Erdös’ result on graphs of high girth and high chromatic number, we are
therefore able to rule out any B by constructing some witness S from an adequate
graph G.
In the examples of this construction described in the following we use the
language of graph theory to describe the various structures involved and consider
the structures to be graphs even though they should really be directed graphs (all
the graphs in the following can be easily transformed into directed graphs in a
suitable way). It should be noted that this construction works for problems that
correspond to a first-order MMSNP sentence. Consider, for example, the problem
T RI -F REE: the structure N in this case is simply a triangle, and opening up N leads
to a path of length 3. Call u and v the extremities of this path. Now, if G is a graph
of girth g, the structure S obtained by replacing every edge between two vertices
x and y by a copy of the path of length 3, identifying u with x and v with y has
girth 3g. So if we consider G to be self-loop-free, that is g > 1, S is triangle-free.
This construction also works for more complex problems like N O -M ONO -T RI:
one can consider for the structure N, the 5-clique coloured as follows; 3 vertices
coloured in black and the two remaining coloured in white. One can open it to
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obtain the following gadget: take a 4-clique, add two vertices u and v; connect
u to two elements of the 4-clique and v to the two other elements. Consider the
following colouring of this gadget: set u and v to be black; and, for both u and v,
one neighbour is black and one neighbour is white. The distance between u and
v being 3, any structure S induced by a graph G of girth g > 1 is a yes-instance;
it can be coloured according to the colouring of the gadget described above; and,
any cycle of S that is not a substructure of a copy of the gadget has size strictly
greater than 3 (hence, it can not correspond to a forbidden pattern).
For this construction to work we need a structure N that is not valid and for
which there is a colouring with a single occurrence of a forbidden pattern, or more
precisely that can be opened up to yield a structure (the gadget) that has a valid
colouring that sends u and v (the plug-points) to the same colour. At first I thought
that such a property can be achieved by enforcing some condition of minimality
on the considered representation. As to whether this is the case remains open, but
I was led to the notions of a recolouring and an automorphic representation and
consequently to the notion of a normal representation. However the key idea of
this construction can be reused. We proved that for any normal representation that
is not conform there are non-valid structures N that can be nonetheless coloured in
a correct way on the edges; in other words, whose colouring is a homomorphism
of N to the template of the considered representation. According to this colouring,
the structure N can be opened up, leading to a gadget that is not necessarily a
“bipede creature” as above but a many-legged one, a “centipede”... So we can no
longer use Erdös’ result.
In order to build a large structure, we shall have some set of special vertices
corresponding to each type of “leg”(the type of a “leg” being given by the corresponding vertex in N). We can plug copies of the “centipede” in all possible
ways between those sets. If the large structures we obtain are always valid then
we have a family of witnesses (just like in our examples above) and we are done.
If one of the large structure is not valid then we can still colour it via the colouring
induced by the colouring of N in such a way that we have a homomorphism into
the template of the representation of the considered problem. We can open up
this structure and obtain hence some larger structure than the “centipede” we had
before, obtaining a new many-legged gadget, let’s call it a “millipede” (as a matter
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of fact it does not have necessarily more legs it is just larger). By carefully choosing the way we open up, we make sure that the large structures obtained from the
“millipede” are “sparser”. If these large structures obtained from the “millipede”
are still not valid then we carry own opening-up: we obtain eventually a family of
witnesses.

4.6.1 Definition
We formally define a witness family as follows.
Definition 4.24 A family of σ-structures F is said to be a witness family for a
representation R if:



F

 FP(R); and



for any σ-structure B, there exists some A in F such that,
– either A 62 CSP(B); or
– for some A

h

B, h(A) 62 FP(R).

The following result is the corner-stone of the proof of our main result.
Lemma 4.25 If a representation R has a witness family then the problem FP(R)
is not a homomorphism problem.
P ROOF. Let F be a witness family for R. If FP(R) were a homomorphism
problem with template B then we would have some A 2 FP(R) such that either

A 62 CSP(B), or for some A
B, h(A) 62 FP(R), that is either FP(R)
CSP(B) or FP(R) 63 h(A) 2 CSP(B), in any case a contradiction.
h

3 A 62


We would like to construct a witness family in a generic way for problems
given by representations for which we are not able to construct a template; that
is, that are not conform. We shall make use of two important features of normal
representations that are not conform: first, they are automorphic, therefore by
Theorem 4.20 their templates must be no-instances; secondly, every non-conform
forbidden pattern is biconnected, by Theorem 4.23.
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4.6.2 Opening-up an invalid structure
e

Let M be a structure and C a cycle such that C
M. Let x0 be some articulation
point of C. If C is the 1-cycle R(x̄) (with x0 occurring at least twice in x̄) then let
G be the structure defined from M and C as follows:
˙ y1 g; and
 jGj := jMj[f
 G agrees with M everywhere except that the tuple R(e(x̄)) is replaced by
R(ȳ), where ȳ is obtained from e(x̄) by replacing the first occurrence of
y0 := e(x0 ) by y1 .
If C is a n-cycle (n > 1) and R(x̄) a tuple from C such that (the articulation point)
x0 occurs in x̄ then let G be the structure defined from M and C as follows:
˙ y1 g; and
 jGj := jMj[f
 G agrees with M everywhere except that the tuple R(e(x̄)) is replaced by
R(ȳ), where ȳ is obtained from e(x̄) by replacing every occurrence of y0 :=
e(x0 ) by y1 .
We call G the opening of M with respect to C; e; R(x̄) and x0 . We call y0 and y1 the
plug-points of G. Notice that the mapping that sends y1 to y0 and fixes the other
elements is a homomorphism of G to M.
We extend this definition to coloured structures, setting the colour of the new
vertex y1 to be the same colour as y0 . Figure 4.6 illustrates this construction
(notice that in this case there was only one occurrence of y0 in the tuple R(e(x̄))).
E XAMPLE . Let σ3 be the signature consisting of a single ternary symbol R.
1. Let M be the σ3 -structure with domain fa; b; c; d g and let RM := f(a; b; c); (a; d ; a)g.
Consider the 1-cycle R(x; y; x) and let e be the embedding from R(x; y; x) to M defined by e(x) = a and e(y) = d. The opening up of M with respect to R(x; y; x)
and e in the articulation point x is isomorphic to the structure G with domain

fa; a ; b; c; d g with RG = f(a; b; c); (a ; d ; a)g.
Let N be the σ3 -structure with RN := f(a; a; b); (a; b; c); (b; c; d ); (a; d ; c)g over the
domain fa; b; c; d g. Consider the 3-cycle C with domain fx; y; z; t g and RC = f(x; x; y);
(x; y; z); (y; z; t )g and let f be the embedding defined by f (x) = a, f (y) = b, f (z) = c
0

2.

0
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cycle
e

M

C
R(x̄)

x0

y0

R(e(x̄))

y0 =y1

G
R(ȳ)

y0
Figure 4.6: Opening a coloured structure

y1
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and f (t ) = d. The opening up of M with respect to C; e and the tuple R(x; x; y) in
the articulation point x is isomorphic to the structure H with domain fa; a ; b; c; d g
0

with RG = f(a ; a ; b); (a; b; c); (b; c; d ); (a; d ; c)g.
0

0

N
In the remainder of this section, let (T ; M ) be some non-conform normal representation and let (N ; cN ) be non-valid with respect to (T ; M ) such that N

cN

T.

Since (T ; M ) is rigid and N
T , there exists some (M ; cM ) 2 M such that
e
(M ; cM )
(N ; cN ). Since (T ; M ) is normal, it follows that (M ; cM ) is biconcN

nected and therefore that it contains a cycle C. Let R(x̄) be a tuple in C and x0
an articulation point of C with x0 2 fx̄g. Let (G; cG ) be the opening of (N ; cN )

with respect to C; e C ; R(x̄) and x0 . If (G; cG ) is not valid with respect to (T ; M ),
start this construction over again. Denote by (G; cG ) the valid structure eventually
obtained and let

fy1 1; y1 2 ; : : :; y1 p ; y2 1; y2 2; : : : ; y2 p ; : : : ; yq 1 ; yq 2; : : : ; yq p g
;

;

;

1

;

;

;

2

;

;

;

q

be its set of plug-points (the first index giving the type of a plug-point, that is, the
yi; ’s correspond to the same element of N); in other words (G; cG )
where f identifies the plug-points of the same type,
f: G
y

! 8
N
<y
7! :

yi;1

, if y 2 jN j;

f

(N ; cN ),

, if there is some 1  j  pi such that y = yi; j :
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E XAMPLE .
Refer to Section 4.5.2 for the normal form The latter is not valid and we open it up furof the representation

ADC210 .

Its template ther.

is as follows.

}

}1



|

~

We are going to gradually open it up, con-

}1

sidering it as a coloured structure as de-

}0



|
}2

~

}0



|
}2

~

}0



|0

~

picted on the previous figure. Notice that
there are many ways of opening up. We
highlight the considered forbidden pattern
at each stage by using dotted arrows (which
shall be seen as a cycle in our case), ex-

}1

cept for the tuple considered which shall
be depicted by a dashed arrow. Moreover
we mark the chosen articulation point by
enclosing it within a circle. For example,

|1

opening up the template according to the
following,

}



Finally, we obtain the following valid structure.

|

~

}2

yields the coloured structure.

}1

}0



|

~

}1

}0

0

|0

~

1

|1
The latter has three types of plug points,
that we denoted on the figure by

}2, |0, |1, 0 and 1.

}0, }1,
N
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4.6.3 Constructing a large coloured structure
Let (G; cG ) be a valid coloured structure (informally called the gadget) obtained
from some non-valid (N ; cN ) as in the previous section. For any n̄ = (n1 ; n2 ; : : : ; nq )
with n1  p1 ; n2  p2 ; : : : ; nq  pq , we build a large coloured structure (In̄ ; cIn̄ )
from the gadget as follows. It has a set of special elements jSj  jIn̄ j that is
partitioned into q pairwise disjoint sets Xi := fxi; j j1  j  ni g (1  i  q). For

any 1  i  q and for any choice of pi elements xi;k1 ; xi;k2 ; : : :; xi;k pi in jXi j such
that k1 < k2 < : : : < k pi , plug in a copy of the gadget (G; cG ), identifying the
plug-points of (G; cG ) with the corresponding chosen special vertices; that is, set
xi;k j := yi; j for any 1  i  q and for any 1  j  pi .
E XAMPLE .

Depicting a large structure with the gadget used in the previous example

would not be really helpful as the gadget obtained there is quite complicated. We build
therefore an alternative gadget first. Consider for this the structure DC2 . It is clearly a
no-instance of the problem FP(ADC210 ). However, it can be coloured to obtain a valid
colouring with respect to the template of the normal representation of ADC210 as follows.

}



According to this colouring, we can open up to obtain the following gadget.

}0
It has only two plug-points, denoted by



}1

}0 and }1, respectively.

The following depicts

the “large” coloured structure obtained using this gadget for n = 3.



}x

1


}x

2

}x

3

N
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4.6.4 General construction of witness families
By Theorem 4.20, since (T ; M ) is automorphic and not conform, it follows that its
template T is not valid. Consider any homomorphism cT : T
and set (N ; cN ) := (T ; cT ). Then we have N

cN

T , e.g. cT

=

idT

T and (N ; cN ) not valid with re-

spect to (T ; M ). Let (G; cG ) be its opening as defined above in Subsection 4.6.2.
Let F be the set of structures In̄ in ST RUC(σ) for n̄ = n1 ; n2 ; : : : ; nq , with n1 
p1 ; n2  p2 ; : : : ; nq  pq obtained from the gadget (G; cG ) as in Section 4.6.3.

case 1: F  FP(T ; M )
We prove that F is a witness family with respect to (T ; M ).
Let B be some σ-structure. We may assume w.l.o.g. that for any A in F , A
B.
Let n̄ = (n1 ; n2 ; : : : ; nq ), where ni > pi :jBj jBj for any 1  i  q. By assumption,
we have In̄

b

B for some b. By construction of In̄ there must be a copy of the

gadget G in In̄ whose plug-points are all identified by b. Hence N
b̃ induced by b and also b̃(N ) 62 FP(T ; M ). This proves the claim.
case 2: F

b̃

B for some

3 In̄ 62 FP(T ; M ), for some n̄.

Consider the coloured structure (In̄ ; cIn̄ ). Notice that the following holds:



In̄ is a no-instance; and



(In̄ ; cIn̄ )

is not valid but In̄

cIn̄

T.

We shall repeat the construction, deriving this time a gadget from (In̄ ; cIn̄ ). However, we choose with great care the elements at which we open-up: they shall
always be special elements of In̄ (as defined in Subsection 4.6.3).
Recall that the only forbidden patterns occurring in (In̄ ; cIn̄ ) are biconnected.
Moreover, by construction such an occurrence of a biconnected forbidden pattern
must involve at least two copies G1 and G2 of the gadget. Let x be a special
vertex common to G1 , G2 and to that occurrence. Now, add a new vertex x0 and
replace every occurrence of the vertex x in every tuple of G2 by this new vertex
x0 . Proceed similarly for every occurrence of a forbidden pattern. We call the
structure obtained G0 . By construction G0 is a yes-instance of FP(T ; M ); consider
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0

cG to be the valid colouring of G0 induced by cIn̄ and defined as follows. Every

vertex occurring in In̄ is coloured according to cIn̄ and any new vertex x0 takes the
same colour as its corresponding vertex x via cIn̄ . Let F 0 be the family of structures
obtained from the new gadget G0 (the plug-points being the special vertices x at

which we opened-up and their copies x0 in G0 ). If F 0  FP(T ; M ) then we are
back to the first case and we have constructed a witness family. Otherwise, we
simply loop back to case 2.

Denote by Gk the gadget used at stage k and by In̄k the structures build from
Gk .
We claim that we eventually reach case 1. Consider for contradiction the sequence (uk )k0 defined as follows: u0 is the minimal distance between any two
plug-points of the gadget G (here by distance between two vertices we mean the
length of the shortest path between those two vertices); uk is defined to be the
minimal distance between two plug-points of the gadget constructed at stage k.

By construction, this sequence is non decreasing; that is, for any k  0, we have
uk+1  uk . Assume further that this sequence is not stationary (we shall prove this
shortly). Let d be the size of the largest cycle that embeds into a non-conform
forbidden pattern of M . Let k  0 such that uk > d2 . By assumption for some n̄
the structure In̄k is a no-instance of FP(T ; M ). Consider its canonical colouring
k
(In̄k ; cIn̄ ).

This colouring is valid for each copy of the gadget Gk by construction.
It follows that some non-conform forbidden pattern must embed in more than one

copy of Gk . However, this is not possible: it would imply that this forbidden pattern would contain a cycle of size greater or equal than 2:uk , that is strictly greater
than d. This yields a contradiction. Therefore we proved the following: if the
sequence (uk )k0 is not stationary then we eventually go out of the loop in case 2;
that is, our construction terminates and we eventually obtain a witness family. We
now prove that the sequence (uk )k0 is not stationary.
The sequence (uk )k0 is not stationary. Assume for contradiction that this is
not the case; that is, that for some k  0 and for any k0  k we have uk0 = uk . By
construction, in Gk+1 the distance between two plug-points of the same type (that
is, two vertices that correspond to the same special vertex of In̄k ) is greater or equal
than 2:uk . However, since uk = uk+1 , there must be two plug-points x and y at

4.7. CHARACTERISATION

139

distance uk in Gk+1 . These two plug-points x and y must necessarily be incident
to the same copy of Gk within Gk+1 . This leads us to the following definitions.
0

For any copy Gki of Gk in Gk define P(k; k0 ) to be the set of pairs of plug-points
0
of Gk incident to Gki that are at distance exactly uk in Gki . For any copy Gki of Gk
0

in Gk , define free(k; k0 ) to be the set of plug-points mentioned by the pairs of
P(k; k0 ). Furthermore, fix some xk;k0 in free(k; k0 ).

We add another constraint to the construction in case 2: while opening forbid0
den patterns, for each copy of Gki in Gk , never open-up at xk;k0 .
Note that the process of opening does not increase the number of new plugpoints incident with any copy of Gk , and it does not reduce the distance between
any pair of new plug-points incident with any copy of Gk . Hence, for any copy
Gki of Gk in Gk+1 , free(k; k + 1) < free(k; k). It follows that after finitely many
steps, say, at step k0 > k, we must have uk0 > uk . This yields a contradiction. So,
we have proved that the sequence (uk )k0 is not stationary.
To summer-up, we have provided a generic construction which allows us to
build a witness family for any given non-conform normal representation.

4.7 Characterisation
In this Section, we state our main result, that is the exact characterisation of these
forbidden patterns that are not in CSP. We first state this result in the case of connected representation, before illustrating it by some examples. Finally, we extend
the result to any representation by generalising the notion of normal representation to disconnected representation; there we introduce the notion of set of normal
representations.

4.7.1 Main result
The previous results leads to a full characterisation of connected representations
with respect to the property of representing a CSP problem.
Theorem 4.26 (théorème de Louison 5 )
Let (µ; M ) be a connected σ-representation. The following are equivalent.
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(i )
(ii)
(iii)

normal(µ; M ) is not conform
FP(µ; M ) is not in CSP
There exists a witness family for (µ; M )

P ROOF. It follows from the construction of the previous section that (i) ) (iii).
(iii) ) (ii) by Lemma 4.25. Hence, it follows that (i) ) (ii). The converse holds

since :(i) ) :(ii) by Proposition 4.13. Thus we have proved (i)
the other equivalences follow.

()

(ii)

and



4.7.2 Examples
We have seen earlier that numerous representations were normal and not conform,
so as a corollary from our main result, we know that they are not in CSP.
Corollary 4.27 Let n  1. The forbidden patterns problem represented by MDC2n
is not a CSP. The forbidden patterns problem represented by MC2n is not a CSP.

Let p  0. The forbidden patterns problem represented by ADC22p
CSP.

ME is not a

Notice as well that all the problems introduced in Section 2.4 are proved to
be not in CSP by hand of the main result, as we computed their normal form in
Section 4.5.2 and none of them were conform.
Furthermore, notice that we have given only examples with directed graphs as
they are easier examples but the main theorem holds for any signature.

4.7.3 The case of disconnected representation
We can extend the notion of Feder-Vardi transformation of a representation to
the disconnected case; that is when a forbidden pattern is not connected. Let
(µ; M )
5 In

be a representation such that there exists a disconnected forbidden pattern

the eventuality that the reader might want to refer to this result, please quote it as le
théorème de Louison, as today I am the proud “republican godfather” of Louison.
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2 M , that is F consists of the disjoint union of two structures F0 and F1.
It is not difficult to see that FP(µ; M ) = FP(µ; M0 ) [ FP(µ; M1) where Mi :=
F
F
F
(M nf(F; cF
µ )g) [f(F1 ; cµ )g with cµ := cµ  .
(F; cF
µ)

i

i

Fi

So we extend the notion of normal representation to the disconnected case and
consider the following recursive definition; the set of normal representations of a
representation (µ; M ) is




the set containing normal(µ; M ) if (µ; M ) is a connected representation;
and
the simplified union of the set of normal representations of (µ; M0 ) and
(µ; M1 ) if (µ; M ) is as above,

where by simplified union, we mean that we remove a representation whenever
there exists a recolouring into another (analogous operation as when we dealt
with forbidden patterns). We denote the set of normal representations of a representation (µ; M ) by Normal(µ; M ).
We can extend our main result to disconnected instances.
Theorem 4.28 Let (µ; M ) be a σ-representation. The following are equivalent.
(i)
(ii)

The set Normal(µ; M ) contains a single conform connected representation.
FP(µ; M ) is a CSP

P ROOF. The case when Normal(µ; M ) is a singleton was done previously; so, let
(µ0 ; M0 ); (µ1 ; M1 ) 2 Normal(µ; M ). Let T0 and T1 be their respective templates.
We claim that T0 is a no-instance of (µ1 ; M1 ). Indeed, if T0 were accepted then it
would induce the existence of a recolouring of (µ0 ; M0 ) to (µ1 ; M1 ) which would
contradict the definition of set of normal representations (the proof is very similar to the proof of Proposition 4.3.4). In the case where T0 is a yes-instance of
(µ0 ; M0 ) then the latter is a conform representation and FP(µ0 ; M0 ) a CSP. So
assume further that not all the representations among the set of normal representations of (µ; M ) are conform (we shall deal later with this case) and therefore
without loss of generality that T0 is not a yes-instance of (µ0 ; M0 ). Hence, we
have a structure that is a no-instance but can be coloured correctly on the edges
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with respect to the non-conform representation (µ0 ; M0 ). So we can use it to build
the gadget for the generic construction that lead to the main result and eventually
obtain a witness family. Now if all the representations among the set of normal
representations of (µ; M ) are conform then we can see (µ; M ) as the conjunction of CSP of respective templates T0 ; T1 ; : : : ; Tn . Those templates can not map
into each other (otherwise this would lead to the existence of a recolouring). If

FP(µ; M ) were a CSP then let T be its template. Since Ti 2 FP(µ; M ), we would
T thus the structure S consisting of disjoint copies of the Ti ’s would
have Ti
T and thus S 2 FP(µ; M ). Hence there would be some T j such that
satisfy S
S

T j and finally we would have Ti

T j for some i 6= j, a contradiction.



We conclude this chapter with a few remarks. First, notice that the normal
form of a representation is quite complicated to compute as the reader may have
noticed with the few simple examples provided. In order to implement efficiently
an algorithm that would decide whether a forbidden patterns problem is a CSP,
some simplifications are needed; representations should be given in a compact
form as in Section 4.4. Moreover, notice that we decided to work with coloured structures to simplify the proofs but the same work could be achieved with
partially coloured structures. Furthermore on this matter, we enforced the following order when computing the normal representation; first enforcing the representation to be canonical (which involves taking homomorphic images of forbidden patterns, which increases the size of the representation) then applying a
canonical Feder-Vardi transformation (which involves adding more colours, thus
also increasing the size) and finally taking a particular core (which decreases the
size). Notice moreover that the last transformation is the most complicated, as it
is clearly NP-hard. Hence, it would be probably more efficient to take the core
of the representation as often as possible. Notice however, that since we want an
automorphic representation on the end, we must take the core before finishing, as
it might be the case that the Feder-Vardi transformation of an automorphic representation is not automorphic. It would be interesting to study in more details the
rewriting system associated with the three transformations mentioned above. It is
not clear whether it is confluent. In other words, the normal representation might
not be definable as the unique rewrite of this system.
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Our second remark concerns the gadget used for the construction of witness
families. A part of the proof is quite complicated because of the fact that we might
deal with a gadget that has many legs of possibly different types. However, for
every examples that we investigated on graphs, we were able to build a simple
bipede gadget as in the example above in Subsection 4.6.3. If we could prove
that such a simple bipede gadget exists for any representation, we could simplify
further our proof by using Erdös’ theorem.
Finally, notice that recolourings alone do not provide a satisfactory morphism
for representation as the converse of Proposition 4.1 does not hold. We shall
discuss this issue in more details in the next chapter in Subsection 5.3.2.
In the next chapter, we relate also our main result with some results by Tardif
and Nešetřil and we shall investigate the structure of the category of representations.
In Chapter 6, we shall give some examples of complete forbidden patterns
problems that are not in CSP for the complexity class NL,P and NP. We shall
also investigate some restrictions that lead to tractability of forbidden patterns
problems.
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Chapitre 5
Algèbres de Heyting, densité et
dualité
On résume les résultats de Tardif et Nešetřil sur la dualité et la densité ; puis,
des liens entre ceux-ci et le résultat principal du chapitre précédent sont mis en
évidence. En particulier, on montre que les coeurs de structures forment une
algèbre de Heyting. La correspondance entre dualité et densité est démontrée
dans le cas général d’une algèbre de Heyting. Enfin, le fait que les coeurs de
représentations forment aussi une algèbre de Heyting est mis en évidence.

145

146

CHAPITRE 5. ALGÈBRES DE HEYTING, DENSITÉ ET DUALITÉ

Dans ce chapitre, je rappelle tout d’abord certaines propriétés algébriques de
la catégorie des σ-structures. On verra que les coeurs de structures forment une
algèbre de Heyting : c’est-à-dire un treillis distributif avec exponentiel. Cette machinerie algébrique a permis à Tardif et Nešetřil de mettre en évidence dans un
travail récent (voir [45]) l’existence d’une correspondance entre les paires couvrantes (lieux du treillis qui ne sont pas denses) dans ce treillis (des coeurs de
structures) avec les paires duales. Ces dernières correspondent en fait à des problèmes de motifs interdits qui sont dans CSP et qui sont très simples : ils peuvent
être donnés par une représentation qui a une seule couleur et un seul motif interdit. D’où leur nom de problèmes monochrome de motif interdit. Tardif et Nešetřil
ont caractérisé les paires duales (plus précisément, ils ont caractérisé les paires
couvrantes, et obtiennent une caractérisation des paires duales par le biais de la
correspondance mentionnée ci-dessus). Notons que le résultat principal du chapitre précédent donne une caractérisation alternative des paires duales. Remarquons également que la caractérisation (des paires duales) donnée dans [45] est
bien plus simple que la mienne. Ceci peut cependant être contrasté avec le fait que
ma construction pour le patron (lorsqu’elle est possible) est beaucoup plus simple
que la leur. Je donne également une preuve de la correspondance entre dualité
et densité dans le cas général d’une algèbre de Heyting. De plus je prouve que
les coeurs de représentations forment eux aussi une algèbre de Heyting. Ainsi, je
montre qu’il existe aussi une correspondence entre densité et dualité dans ce cas ;
ce résultat est cependant moins satisfaisant que celui obtenu pour les structures
et me conduit à poser quelques questions ouvertes que je motive par des résultats
partiels.
Toutes les notions catégorielles nécessaires sont données en Appendice B.
Nous conseillons vivement [38] au lecteur intéressé pour la théorie des catégories et recommendons [44] pour l’algèbre universelle en général et la théorie des
treillis en particulier.
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5.1 Heyting algebras
In this section, we shall recall the definition and some basic facts about Heyting
algebras. In a second part we show that the cores form a Heyting algebra.

5.1.1 Definition
A Heyting Algebra is a structure over the signature λh consisting of three binary
function symbols ^,_ and ), and of two constant symbols 0 and 1; this structure
is a lattice with respect to ^ and _ with least element 0 and greatest element 1,

i.e. it satisfies the following identities
x^y = y^x

x ^ (y ^ z) = (x ^ y) ^ z

x_y = y_x

x _ (y _ z) = (x _ y) _ z

x^x = x

x_x = x

x^0 = 0

x_1 = 1

x ^ (x _ y) = x

x _ (x ^ y) = x

We define the partial order  that corresponds to this lattice as usual; that is, we

set x  y if, and only if, x ^ y = x. A further property of these algebras is that, for
any x; y and z,
z  x ) y, if, and only if, z ^ x  y:

5.1.2 The Heyting algebra of cores
The fact that the cores form a Heyting algebra and the existence of the exponential
plays an important role in graph theory. It is not quite clear who exactly made this
discovery first. It seemed to have been a well known fact in some research groups
for a few decades. There is a note about this in case the reader is interested in [50],
a survey on Hedetniemi’s conjecture, by Norbert Sauer, which we suggest also as
it contains further examples of the use of exponentials in graph theory.
Let’s consider the quasi-order given by homomorphisms between σ-structures
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up to homomorphism equivalence: two structures A and B are homomorphically

equivalent (denoted by A  B) whenever A
B and B
A. Hence when we factor out ST RUC(σ) by  we obtain a partial order. As representatives for each
equivalence class, one can consider cores as we have seen earlier in Proposition 4.7, i.e.

hST RUC(σ);


i t hCORE (σ);

i

where CORE (σ) denotes the class of cores of σ-structures considered up to isomorphism, that is according to the notation of the previous chapter,
CORE (σ) :=

[
A2ST RUC(σ)

core(A):

In fact, there is a much richer structure than just a partial order. Indeed, one
can define the product and the coproduct of structures with respect to homomorphisms, which lead themselves to the notion of supremum and infimum for cores.
i is in fact a lattice.
Hence the partial order hCORE (σ);
Lemma 5.1 The category of σ-structures has products and coproducts.
P ROOF. For any given pair of σ-structures (A; B), define the 1 product A  B of A
and B as follows.

 jA  Bj := jAjjBj (Cartesian product of the two sets); and


for any r-ary symbol R in σ, and any r-tuple ((a1; b1 ); (a2; b2 ); : : : ; (ar ; br ))
of elements of jA  Bj, R((a1 ; b1 ); (a2; b2 ); : : :; (ar ; br )) holds in A  B if,
and only if, R(a1 ; a2 ; : : : ; ar ) holds in A and R(b1 ; b2 ; : : : ; br ) holds in B.

We can also define the 1 coproduct of A and B denoted by A + B to be simply the
structure consisting of the disjoint union of the two structures, that is,

 jA + Bj = A[˙ B; and


for any r-ary symbol R and any r-tuple (x1 ; x2 ; : : :; xr ) of elements of jA + Bj,
R(x1 ; x2 ; : : : ; xr ) holds in A + B if, and only if, R(x1 ; x2 ; : : : ; xr ) holds either
in A or in B.
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It is a straightforward exercise to check that these definitions satisfy indeed the
defining properties of the product and coproduct; in other words, that for any
triple of σ-structures (A; B; C),

 C A  B if, and only if, C
 A + B C if, and only if, A

A and C

B; and

C and B

C.


For any two cores A and B, we set

 A ^ B := core(A  B); and
 A _ B := core(A + B).
The following result follows directly from the previous proposition.
Corollary 5.2 hCORE (σ); ^; _i is a lattice.
Furthermore, this category has exponentials (in a lattice, an exponential corresponds to a pseudo-complement; and, in the category of sets, an exponential is
simply the set of functions of one set to another).
Lemma 5.3 The category of σ-structures has exponentials.
P ROOF. For any pair of σ-structures (A; B) we define AB , as follows.

 jABj := jAjjBj (the set of functions of jBj to jAj); and
 for any r-ary symbol R and any r functions f1; f2 ; : : :; fr of jBj to jAj, R( f1; f2 ; : : :; fr )
holds in AB if, and only if, for any r-tuple (b1 ; b2 ; : : : ; br ) of elements of B,
if R(b1 ; b2 ; : : :; br ) holds in B then R( f1 (b1 ); f2 (b2 ); : : :; f (br )) holds in A.
It can be easily checked that AB satisfies the defining property of the exponential,
that is,
for any C in ST RUC(σ); B  C
1 Note

A if, and only if, C

AB :

that these notions are defined up to isomorphisms as usual in category theory, in the
following we shall feel free to define every categorical notion as such without further warnings.
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It follows from the existence of exponentials that the product and the coproduct are distributive with respect to each other: that is, the following distributive
laws hold.
A  (B + C) t (A  B) + (A  C) and A + (B  C) t (A + B)  (A + C):

Moreover, the category of σ-structures has an initial object (a structure that maps
into every structure via a single homomorphism) as well as a terminal object (the
dual notion; that is, a structure into which every structure maps via a single homomorphism): namely, the structures 0σ and 1σ defined as follows,

j0σj := 0,/ and for each symbol R in σ, R0 := 0;/
j1σj := f0g, and for each symbol R in σ, R1 := f(0; 0; : : :; 0)g:
σ

σ

Hence, together with Corollary 5.2 and Lemma 5.3, this leads to the following
result (the notion of a topos is defined in Appendix B).

Theorem 5.4 The category of σ-structures is a topos.

5.1. HEYTING ALGEBRAS

151

P ROOF.
(i) We prove that ST RUC (σ) has equalizers. Let B and A be two structures and
B

f

A and B

g

A be two homomorphisms. Let D be the substructure of B

induced by the set:

fx 2 jBj such that f (x) = g(x)g
and e be the induced embedding D

e

B. By construction, we have f Æ e =

g Æ e. It remains to show the universality. Let C be a structure and C

h

B

a homomorphism such that f Æ h = g Æ h. It follows directly that the image
of jCj via h is included in jDj. So define C
e Æ h0 = h and h0 is unique.

h0

D by h0 := e

1

Æ h. Clearly

We have also proved that the category of σ-structures has a terminal object,
and that it has products: it follows by Corollary B.1 that ST RUC(σ) has
finite limits.
(ii)

Let 2σ be the disjoint union of two copies of 1σ . For the subobject classifier,
consider the structure 2σ .

(iii)

We have products and exponentials so the category of σ-structures is carte
sian closed.

Notice that 0σ and 1σ are cores. Moreover for two cores A and B we set,
B ) A := core(AB ):
The previous theorem yields the following result.
Corollary 5.5 hCORE (σ); ^; _; ); 0σ; 1σ i is a Heyting algebra.
Let L be a lattice. Recall that a lattice element a is said to be (join) prime if,

and only if, for any lattice elements b and c, if a = b _ c then a = b or a = c. In
the following, we shall simply write prime for join prime. It can be checked that
the prime elements in the lattice of cores are exactly the connected cores.
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5.2 Duality and density
In this section, we shall investigate the correspondence between duality and density. First, we shall define duality pairs and relate them to some particular problems; the monochrome forbidden pattern problems that are conform. We then derive from the main result of the previous chapter an alternative characterisation of
duality pairs, which together with Tardif and Nešetřil’s own characterisation, provides a better characterisation of monochrome forbidden pattern problems (as to
whether such a problem is in CSP or not). Next, we shall briefly discuss the proof
of their result and contrast their better characterisation in the restricted case of
monochrome forbidden pattern problems with the superiority of our construction
for templates (whenever the problem considered is in CSP) over theirs. Finally,
we generalise their proof of the correspondence between duality pairs and gaps in
the lattice of cores; we prove such a correspondence for any Heyting algebra.

5.2.1 Duality pairs and monochrome forbidden pattern problems
Let A and B be cores. Notice that the homomorphism problem with template B
corresponds to a principal ideal in the lattice of cores: namely, the set,

fC 2 CORE (σ)jC

Bg:

Consider now the dual notion for A; that is, the complement of the principal filter
generated by A: namely, the set,

fC 2 CORE (σ)jA

=

Cg:

This remark leads to the following question: for which structures A and B do
these two notions coincide? This yields the following definition. Let A and B be
σ-structures. We call (A; B) a duality pair if, and only if, the principal ideal generated by core(B) coincides with the complement of the principal filter generated by
core(A). Notice that the complement of the principal filter generated by core(A)
corresponds to a monochrome forbidden pattern problem; that is, a problem with
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a single colour and a single forbidden pattern (the structure A coloured uniformly
with this unique colour). For simplicity, we denote this problem by FP(A) (to
be coherent with our notation, we should write (1; f(A; cA1 )g) instead of A). Such
problems correspond to first-order MMSNP sentences with only one negated conjunct and are therefore computationally trivial to solve (within the complexity
class L).
Notice that in our settings (A; B) is a duality pair if, and only if, FP(A) =
CSP(B). Therefore, the following follows from Theorem 4.28.
Corollary 5.6 Let A be a structure. There exists a structure B such that (A; B) is

a duality pair if, and only if, Normal(1; f(A; cA1 )g) consists of a single conform
representation whose template is homomorphically equivalent to B.
Another characterisation has been however obtained by Tardif and Nešetřil in [45];
we shall discuss their proof in the next section. In order to state it, we need
the following definition. We say that a structure A is a tree if, and only if, it is
connected and cycle-free (i.e. it has no substructure that is a cycle).
Theorem 5.7 (Tardif, Nešetřil) Let A be a structure. There exists a structure B
such that (A; B) is a duality pair if, and only if, core(A) is a tree.
One can therefore combine these two results together as follows.
Lemma 5.8 Let A be a structure. Normal(1; f(A; cA1 )g) consists of a single conform representation if, and only if, core(A) is a tree.
This provides therefore a better characterisation for monochrome forbidden pattern problems.
Corollary 5.9 The problem FP(A) is in CSP if, and only if, core(A) is a tree.
Notice that in case we would want to prove the above lemma without using Tardif
and Nešetřil’s characterisation, the indirect implication is clear; if A is a tree then
the representation (1; f(A; cA1 )g) can be broken down by a sequence of elementary Feder-Vardi transformations until there are only conform forbidden patterns
remaining (cf. remark in the next subsection). However, the converse implication
does not seem to be quite as trivial.
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In order to discuss the proof of Tardif and Nešetřil’s theorem, we need the following definition. Let A and B be two σ-structures. (A; B) is said to be a gap pair
B, B = A and for every σ-structure C, if A C
B then eiif, and only if, A
ther A  C or C  B. Notice that a gap pair (A; B) simply corresponds to an interval
[core(A); core(B)℄ in the lattice of cores that is not dense:

that is, there is no core C
apart from core(A) and core(B) such that core(A)  C  core(B). In other words,
core(B) is the upper cover of core(A), which we denote by core(A)  core(B).

5.2.2 Discussion of Tardif and Nešetřil’s proof
Tardif and Nešetřil used the correspondence between gap pairs and duality pairs:
as a matter of fact, this correspondence exists because the cores form a Heyting
algebra. We shall prove this in the next subsection.
The notion of a duality pair was introduced by Tardif and Nešetřil in an attempt to investigate good characterisations of homomorphism problems; that is,
to find obstructing sets; e.g. the set of odd cycles is such an obstructing set in the
case of the problem 2-C OL. Therefore they looked at the most simple such good
characterisation: the case of an obstructing set reduced to a singleton. Hence, the
notion of duality pair. It is important to note that since they did not really perceive the problem as a forbidden pattern problem, they did not use colours and
did not use a tool like the Feder-Vardi transformation. Their proof relies on the
correspondence mentioned earlier: first, gaps are characterised, and therefore so
are duality pairs. To characterise gaps, there are two parts: the “positive part” in
which they construct what they call the gap below a tree and the “negative part”
in which they prove that there is no gap below a non-tree.
The first part corresponds, modulo the correspondance, to the construction of
a template from the normal form of a conform representation; and, is rather different in its philosophy: Tardif and Nešetřil use a construction called the arrow construction. This construction involves the partial order over the subtrees of a given
core tree A and the induced notion of a-ideal for some element a of A. For a given

core tree A, the arrow construction yields a structure A# (which is not necessarily
a core) such that core(A# )  A. Then, by way of the correspondence between
density and duality (cf. Lemma 5.11 in the next subsection), Tardif and Nešetřil
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prove that (A; (A# )A ) is a duality pair. Hence, for a given core tree A, to construct
the template B of the problem FP(A) with their method seems rather difficult (as
they point out themselves). Indeed, the arrow construction is already quite intricate and A# has a size that is exponential in the size of A. Hence, to compose the
arrow construction by taking its Ath exponent is doubly exponential! However,
our method can be adapted in the case of a tree. Indeed, we do not need to take
any homomorphic images of A: a sequence of elementary Feder-Vardi transformations decomposes A into its biconnected components (i.e. conform forbidden
patterns since A is a tree), and such homomorphic images would be discarded after
the canonical Feder-Vardi transformation as they would not be properly coloured
according to the new template. Therefore, we obtain a conform representation by
applying the canonical Feder-Vardi transformation. Furthermore, we could leave
the representation in its compact form. Hence we obtain a description of a structure that is homomorphically equivalent to (A# )A , that would be more manageable
(we get rid of one exponential that way).
The second part of their proof is quite similar to ours and relies on the same
ideas: opening up a non-conform biconnected structure and construct a large
structure with this gadget (they take a suitable graph of large girth and high chromatic number, that exists according to a theorem of Erdös, and replace its edges
by the gadget). Since they deal with problems of the form FP(A) (where A is a
core that is not a tree) they derive a gadget by opening up A (they do not have to
deal with the problem of having different colours). Hence, given some B such that
A. Thus,
A = B, they produce a structure C such that A = C and C = B but C
the structure C + B is strictly in between A and B, whenever B
structure B, (A; B) is not a gap pair.

A. So, for any

To conclude on this matter, it seems that combining the two approaches might
be quite enriching: the correspondence between duality and density that we extend
in the next subsection is a beautiful and useful result (it provides counter examples). However, the approach via representations and computations of a normal
form seems to be better when it comes to prove positive results. Indeed, it seems
rather hard to picture the exponential of two structures, and this even in simple
cases: there are very few general internal descriptions of exponential of graphs
known presently ( [51]), not to mention the combination of this construction with
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the intricate arrow construction.

5.2.3 Correspondance between duality and density
In this section we present the correspondence between duality and density that was
investigated by Tardif and Nešetřil in [45]. Since we need the same result later for
representations, we prove this result in the general setting of Heyting algebra. In
the following H denotes such an algebra. Note that the original proof was done
in the category of σ-structures rather than in the Heyting algebra of cores (which
tends to simplify things a great deal in the proof).
Lemma 5.10 If (a; b) is a duality pair in H then a is a prime and (a ^ b; a) is a
gap pair.
P ROOF. Assume for contradiction that a is not a prime: that is, there exists some
elements a1 and a2 such that a = a1 _ a2 and a 6= a1 and a 6= a2 . It follows that
a 6 a1 and a 6 a2 . Since (a; b) is a duality pair, the above yields to the following:
a1  b and a2  b. It follows therefore that a = a1 _ a2  b. From a  b, since
(a; b) is a duality pair, we get the following contradiction a 6 a.
We have a ^ b  a. Let c be an element of H such that a ^ b  c a. Since
(a; b) is a duality pair and c 6 a, it follows that c  b. Hence, we have c = a ^ b.
Thus, we have proved that a ^ b  a.



Lemma 5.11 If (a; b) is a gap pair in H and b a prime then (b; b ) a) is a duality
pair.
P ROOF. For any element c of H, we have a  a _ (b ^ c)  b. Since a  b, we
have two cases to consider.
1. a = a _ (b ^ c): It follows that b ^ c  a. Thus, by definition of the exponential it implies that c  b ) a.
2. b = a _ (b ^ c): since b is prime and by assumption a 6= b, it follows that
b = b ^ c and finally that b  c.
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Thus, we have proved that for any c of H, either c  b ) a or b  c: that is,
(b; b

) a) is a duality pair.



We now prove that there is a one-to-one correspondence between gap pairs
(c; d ) where d is a prime and duality pairs.
If we start with a duality pair (a; b) then it follows from Lemma 5.10 that
(a ^ b; a) is a gap pair and a a prime. Hence, it follows from Lemma 5.11 that

) (a ^ b)) is a duality pair. Since (a; b) and (a; a ) (a ^ b)) are duality
pairs, it follows that b = a ) (a ^ b).
(a; a

Conversely, let (c; d ) be a gap pair with d a prime. Then, by Lemma 5.11,
it follows that (d ; d ) c) is a duality pair. Finally, by Lemma 5.10, it follows
that (d ^ (d ) c); d ) is a gap pair. We have c ^ d = c. So, in particular, we
have c  d ) c and since c  d it follows that c  d ^ (d ) c). We also have
c ^ d  c hence d ^ (c ^ d )  c. The defining property of the exponential implies

that d  (c ^ d ) ) c. But since (c ^ d ) ) c = (c ) d ) ) c, via the defining
property of the exponential we get d ^ (c ) d )  c. Hence, we get back to the gap

pair (c; d ) we started with.

5.3 More on representations
We shall first prove that the category of representations is a topos. This yields that
normal representations (considered up to iso-recolourings) form a Heyting Algebra. Finally, we discuss the containment problem for forbidden patterns problems.

5.3.1 The topos of representations
In the following, we denote by REP(σ) the category of σ-representations: that
is, the category whose objects are σ-representations; and, whose morphisms are
recolourings. We prove that the category of representations is a topos: indeed, we
proved in the previous chapter that a recolouring is a generalisation of a homomorphism; in the same sense, the product, coproduct and exponential of structures can
be generalised to representations.
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Product of representations.

Let (µ; M ) and (ν; N ) be σ-representations. De-

fine (µ; M )  (ν; N ) to be the representation with:




colours µ  ν (the Cartesian product of the colour set); and
forbidden patterns

f(F; cFµν) 2 STRUCµν (σ)j(F; πµ Æ cFµν) 2 M or(F; πν Æ cFµν) 2 N g;
where πµ and πν are the left and right projections, respectively.
Notice that the “and” of the definition of a product for structures becomes an “or”
for representations: intuitively, this is due to the fact that a forbidden pattern is a
generalisation of a “no-tuple” in a structure.
Lemma 5.12 The notion defined above truly is the product in the category REP(σ).
P ROOF. Let (λ; L ) be a representation. Assume that
(λ; L )

r

(µ; M )

 (ν; N ):

It follows directly from the above definition and the definition of a recolouring
that:
πµ
πν
(µ; M )  (ν; N )
(µ; M ) and (µ; M )  (ν; N )
(ν; N ):
Hence, by composition, it follows that:
(λ; L )

πµ Ær

(µ; M )

and (λ; L )

(µ; M )

and (λ; L )

πν Ær

(ν; N ):

Conversely, assume that
(λ; L )

rµ

rν

(ν; N ):

Set r := (rµ ; rν ). Let (F; r Æ cFλ ) be a forbidden pattern of (µ; M )  (ν; N ). We may
assume w.l.o.g. that (F; πµ Æ r Æ cFλ ) 2 M . Thus, since πµ Æ r = rµ is a recolouring,

it follows that (F; cFλ ) is not valid for (λ; L ). So, we have proved that r is a re
colouring.
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The following can be easily checked.
representation

template

(µ; M )

M

(ν; N )

N

(µ; M )

 (ν ; N )

MN

We discussed in Subsection 4.3.3 an alternative definition of representation, the
so-called canonical representation: that is, a representation given as (M ; M );
where M is a σ-structure M (corresponding to the template of a standard repcFµ

2 M satisfies F M (cFµ
resentation); and, where any forbidden pattern
is a colouring in the same sense as in the H-coloring problem). The following is
(F; cF
µ)

straightforward: for a pair of canonical representations (M ; M ) and (N ; N ), the
product (M ; M )  (N ; N ) is the canonical representation with:



template M  N; and



forbidden patterns F
or F

πN ÆcF

cF

M  N, whenever either F

πM ÆcF

M belongs to M

N belongs to N .

Notice that, we can identify a σ-structure M with the canonical representation
(M ; 0/ ). In that sense, the product of representations generalises the product of
structures.
Coproduct of representations
with:




Define (µ; M ) + (ν; N ) to be the representation

colours µ[˙ ν (the disjoint union of the colour sets); and
forbidden patterns
1. for every (χm ; χn ) in µ  ν, the forbidden pattern (F; cFµ[˙ ν ) 2 STRUCµ[˙ ν (σ)
that consists of two distinct elements x and y and void relations such
that cF (x) = χm and cF (y) = χn ;
2.
3.

f(F; cFµ[˙ ν) 2 STRUCµ[˙ ν(σ) such that (F; cFµ[˙ ν) 2 M g; and
f(F; cFµ[˙ ν) 2 STRUCµ[˙ ν(σ) such that (F; cFµ[˙ ν) 2 N g.
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Notice that this time the “or” of the definition of a coproduct for structures becomes an “and” for representations.
Lemma 5.13 The notion defined above is really the coproduct in the category
REP(σ).
P ROOF. Let (λ; L ) be a representation. Assume moreover that
(µ; M ) + (ν; N )

r

(λ; L ):

Since by construction, (µ; M ) and (ν; N ) are subrepresentations of the representation (µ; M ) + (ν; N ) via the injections ιµ and ιν , that is
(µ; M )

ιµ

(µ; M ) + (ν; N )

and (ν; N )

ιν

(µ; M ) + (ν; N );

by composition it follows that
(µ; M )

rÆιµ

(λ; L ) and (ν; N )

rÆιν

(λ; L ):

Conversely, assume that
(µ; M )

rµ

Set r : µ[˙ ν
χ

(λ; L ) and (ν; N )

! 8
λ
<rµ(χ);
7! :

rν (χ);

rν

(λ; L ):

if χ 2 µ; and
otherwise.

We now prove that r is a recolouring. Let (F; r Æ cFµ[˙ ν ) 2 L . There are different
cases to consider.
1. cFµ[˙ ν ranges over both µ and ν: that is, there exists some vertex x 2 jF j
(respectively, y 2 jF j) and some colour χm in µ (respectively, χn in ν) such

that cFµ[˙ ν (x) = χm (respectively, cFµ[˙ ν (y) = χn ). Hence, (F; cFµ[˙ ν ) is not valid
for the coproduct (because of the special forbidden patterns consisting of
two vertices; one coloured in χm ; and, the other in χn ).
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2. cFµ[˙ ν ranges over µ only: we have r Æ cFµ[˙ ν = rµ Æ cFµ[˙ ν , and rµ being a recolouring it follows that (F; cFµ[˙ ν ) is not valid for (µ; M ). Hence there exists
some (G; cG
µ ) 2 M and some coloured homomorphism g
G g
F
(G; cµ )
(F; cµ[˙ ν ):

By definition of the coproduct, it follows that (G; cG
µ ) is a forbidden pattern
of the coproduct, hence that (F; cFµ[˙ ν ) is not valid for the coproduct.
3. cFµ[˙ ν ranges over ν only: case similar to the previous one.


This construction does not exactly generalise the coproduct of σ-structure.
However, if we restrict ourselves to connected and non-sbavate representations
then we could amend our construction as follows. Replace the first type of forbidden pattern (those that forbid the simultaneous use of a colour of µ and a colour
of ν) by
10 : for any r-ary relation symbol R in σ, for any choice of colours χ1 ; χ2 ; : : : ; χr
such that there exist 1  m; n  r where m 6= n, χm 2 µ and χn 2 ν, the
forbidden pattern (R(x1 ; x2 ; : : : ; xr ); cµ[˙ ν ), where
cµ[˙ ν : fx̄g
xi

! µ[˙ ν
7 χi
!

Then, the following can be checked.
representation

template

(µ; M )

M

(ν; N )

N

(µ; M ) + (ν; N )

M+N

Exponential of representations
representation with

Define the representation (µ; M )(ν;N ) to be the

162




CHAPITRE 5. ALGÈBRES DE HEYTING, DENSITÉ ET DUALITÉ
colours µν (the set of functions of ν to µ); and
forbidden patterns all the (F; cFµν ) 2 STRUCµν (σ) such that there exists some
(F; cF
µ)

2M

and some mapping cFν such that cFµ
valid for (ν; N ), where
cFµν

cFν : jF j
x

!
7
!

= cF
µν

cFν and (F; cFν ) is

µ
F
F
(cµν (x))(cν (x))

The colour set of (µ; M )(ν;N ) is µν ; hence, the colour (cFµν (x)) of a vertex x of a
forbidden pattern (F; cFµν ) is some mapping r of ν to µ. Now, if cFν is some colouring of F then cFν (x) is some colour χn of ν. Thus, it makes sense to consider the
image of this colour χn via the mapping r and (cFµν (x))(cFν (x)) = r(χn ) is indeed
some colour χm of µ. It makes therefore sense to write (cFµν (x))(cFν (x)) in the
above definition.
Lemma 5.14 The notion defined above really is the exponential in the category
REP(σ).
P ROOF. Let (λ; L ) be a representation. Moreover assume that
(λ; L )

 (ν; N )

r

(µ; M ):

Consider the following mapping
r ( ;

):λ

χl

!
7!

µν
r(χl ;

):

ν
χn

!
7
!

µ

!

r(χl ; χn )

We shall see that it is a recolouring of (λ; L ) to (µ; M )(ν;N ) . Let (F; r(; ) Æ cFλ )
be a forbidden pattern of (µ; M )(ν;N ) . By definition of the exponential, there
exists some (F; cFν ) valid with respect to (ν; N ) such that (F; cFµ ) 2 M , where

cFµ = (r(; ) Æ cFλ ) cFν = r(cFλ ; cFν ). Since (F; cFν ) is valid for (ν; N ) and r is a
recolouring, it follows from the definition of the product that (F; cFλ ) is not valid
for (λ; L ).
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Conversely, assume that (λ; L )
ping
(r

0Æπ

λ)

r0
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(µ; M )(ν;N ) :

πν : λ  ν
(χl ; χn )

!
7
!

Consider the following map-

µ

0

(r (χl ))(χn )

We want to show that r = (r0 Æ πλ) πν is a recolouring. Let (F; r Æ cFλν ) 2 M .
We need to show that (F; cFλν ) is not valid for the product representation (λ; L ) 
(ν; N ). There are two cases to consider
1. (F; πν Æ cFλν ) is not valid for (ν; N ): by definition of the product, (F; cFλν )
is not valid for (λ; L )  (ν; N ) and we are done.
2. (F; πν Æ cFλν ) is valid for (ν; N ): by definition of the exponential, (F; r0 Æ
πλ Æ cFλν ) is a forbidden pattern of (µ; M )(ν;N ) . Thus, since r0 is a recolour-

ing, it follows that (F; πλ Æ cFλν ) is not valid for (λ; L ). Finally, by definition
of the product, it follows that (F; cFλν ) is not valid for (λ; L )  (ν; N ) and
we are done.


Notice that this construction generalises the exponential of a σ-structure. Indeed, provided that the representation (ν; N ) is simple (or at least canonical), the
following can be proved.
representation template
(µ; M )

M

(ν; N )

N

(µ; M )(ν;N )

MN

We have already seen at the end of Section 4.1.3 that the representation 0σ =
0
(0/ ; f(0σ ; c0/ σ )g) is an initial object of REP(σ). Define further the following representation 1σ := (1; 0/ ). It is a straightforward exercise to check that it is a terminal
object of REP(σ).
The following result follows.
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Theorem 5.15 The category of σ-representation is a topos.
P ROOF. The proof is essentially the same as that of Theorem 5.4: for the equalizer
f

of (µ; M )
set fx

g

(ν; N )

, consider the subrepresentation of (µ; M ) induced by the

2 jBj such that f (x) = g(x)g;

and, for the object classifier, consider the



representation (2; 0/ ).

Define the relation  over REP(σ) as follows: R1  R2 holds for a pair of
R2 and R2
R1 . Clearly,
representations R1 and R2 if, and only if, R1

 defines an equivalence relation over REP(σ).

In order to obtain a Heyting
algebra, we factor out the quasi-order given by the existence of a recolouring with
respect to this equivalence relation. Note that as in the case of structures, cores
of representations can be chosen as representatives for each equivalence class: in
other words, the following holds.

hREP(σ);


i t hCOREP(σ);

i

where COREP(σ) denotes the class of cores of σ-representations. Define
and ) for representations as above for structures. It follows that

^; _

Corollary 5.16 hCOREP(σ); ^; _; ); 0σ; 1σ i is a Heyting algebra.
Hence, the results from Section 5.2.3 apply to the case of representations;
namely, there is also a correspondence between duality and density for representations. However, this result is not fully satisfactory; first, we do not have yet a
characterisation of gap pairs in REP(σ); and, secondly, note that the Heyting algebra of cores of representations is not as meaningful in our context as the Heyting
algebra of cores of structures. Indeed, recall that the converse of Proposition 4.1
does not hold. That is, contrarily to the case of cores of structures where there is
an exact correspondence between CSP and cores of structures, in the case of cores
of representations, various cores of representations define the same forbidden patterns problem. Hence the real question should concern normal representations and
not cores of representations according to the conjecture we motivate in the next
subsection.
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5.3.2 The containment problem for forbidden patterns problems
A homomorphism problem is given by its template; hence given two homomorphism problems CSP(A) and CSP(B) over the same signature, it is decidable
whether CSP(A)  CSP(B). As a matter of fact, the containment problem for
homomorphism problems is nothing else than the uniform homomorphism problem, known to be NP-complete. We would like to extend this result to the more
general containment problem for forbidden patterns problems given by their representations. Feder and Vardi proved in [16] that the containment problem for
MMSNP is decidable. Hence by our results from Subsection 4.1.4, it follows that
the containment problem for forbidden patterns problems is decidable. However,
there is no known result about the complexity of the containment problem for
MMSNP. Furthermore, even if it were the case, the constructions we use to translate a sentence of MMSNP into a forbidden patterns problem are not meaningful
in the context of complexity theory, as the transformation is clearly not polynomial (notice for example, the need for forbidden patterns to be coloured structures,
whereas negated conjuncts correspond in general to partially coloured structures).
The major inconvenience of forbidden patterns problems, by opposition with homomorphism problems, is that the inclusion of two problems does not reduce
to the question of the existence of a recolouring: we introduced in Chapter 4
the notion of Feder-Vardi transformation of a representation, which allows one
to transform a representation into another representation that represents the same
forbidden patterns problem, but that is not necessarily equivalent with respect to
recolouring (cf. example following Corollary 4.22). In the light of this fact, we
could extend our morphisms in the category REP(σ). That is, define a morphism
between two representations as a finite sequence of recolourings and Feder-Vardi
transformations. This yields the following question: does this new category represent faithfully the inclusion relation between forbidden patterns problems? As
this question seems still quite hard and because we have at hand a normal form
for representations with “good” properties, we can first concentrate on the case of
connected normal representations. We shall prove in the remainder of this section
some results that support the following conjecture.
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Conjecture 5.17 Let R1 and R2 be two non-trivial connected representations.
FP(R1 )  FP(R2 ) if, and only if, normal(R1 )

normal(R2 ).

The converse implication holds: we have FP(R1 ) = FP(normal(R1 )) and
FP(R2 ) = FP(normal(R2 )), by Theorem 4.23, and by assumption
normal(R1 )

normal(R2 );

hence, by Proposition 4.1, it follows that FP(normal(R1 ))  FP(normal(R2 )).
We now prove some supportive results with respect to the other implication.
Assume that FP(R1 )  FP(R2 ) and that normal(R1 ) is conform, and let T1 be
its template. We have FP(R1 ) = CSP(T1 ) 3 T1 . Hence, T1 is a yes-instance of
FP(R2 ): that is, there exists some r such that T1

r

T2 (where T2 denotes the tem-

plate of normal(R2 )) such that for any non-conform forbidden pattern F
of normal(R2 ), we can not have some homomorphism F
commutative diagram
f

F

f

cF

T2

T1 and the following

T1
r

cF

T2
Hence, the remark following Proposition 4.16 implies that:
normal(R1 )

r

normal(R2 ):

We have just proved that the above conjecture holds when the first representation
has a conform normal form.
Proposition 5.18 Let R1 and R2 be two connected representation. Furthermore,
assume that normal(R1 ) is conform.
FP(R1 )  FP(R2 ) if, and only if, normal(R1 )

normal(R2 ).

We shall need the following lemma.
Lemma 5.19 Let R1 and R2 be two connected representations. If R1
normal(R2 ).
normal(R1 )

R2 then
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P ROOF. Note that normal(R1 )

R1 (cf. the remark on the end of Subsection 4.5.1). Hence, if R1
R2 then normal(R1 )
R2 . So we may assume
r
R2 . Let R1 = (T ; M ) with jT j = µ and
w.l.o.g. that R1 is normal and that R1
R2 = (ν; N ).
It suffices to check that we can construct a recolouring from r after each elementary Feder-Vardi transformation (the other transformations involved in the computation of the normal form yield representations that are equivalent with respect to
recolouring equivalence). For simplicity, we do not consider compact forbidden
S
patterns. This does not change our result, as a compact forbidden pattern (S; c℘
)
(ν)
stands for a set of forbidden patterns
S
(x)g
E := f(S; cSν)) such that for any x 2 jSj; cSν (x) 2 c℘
(ν)

and were introduced solely to prove termination: in fact, carrying out an elemenS
tary Feder-Vardi transformation with respect to (S; c℘
) corresponds to carrying
(ν)
out the elementary Feder-Vardi transformations with respect to each forbidden
pattern in E in parallel.
Let (S; cSν ) 2 N be a non-biconnected forbidden pattern of R2 that admits a de-

composition (P0 ; cPν0 ) ./ (P1 ; cPν1 ). Let R̃2 be the elementary Feder-Vardi transforx

mation of R2 with respect to the decomposition (P0 ; cPν0 ) ./ (P1 ; cPν1 ) of (S; cSν ) and
let

x

χ := cSν (x).

1. (S; cSν ) is not of the form (S; r Æ cSµ ).
Consider r̃ to be the mapping that agrees with r for any χ0

2 ν such that

r(χ0 ) 6= χ; and, such that r̃(χ0 ) = χ0 , otherwise. Clearly, we have R1

r̃

R̃2 .

2. (S; cSν ) is of the form (S; r Æ cSµ ).
The fact that r is a recolouring and R1 is normal implies that any inverse
image (P0 ; cPµ0 ) ./ (P1 ; cPµ1 ) of (P0 ; cPν0 ) ./ (P1 ; cPν1 ) via r is such that either:
x




x

for i 2 f0; 1g, the colouring cPµi is not a homomorphism of Pi to T ; or

for i 2 f0; 1g, there exists some biconnected conform forbidden pattern
(M ; cM
µ )

Let χ0

2 µ.

2 M such that (M; cMµ )

m

i
(Pi ; cP
µ ).

Let Sχ0 be the set of inverse images (P0 ; cPµ0 ) ./ (P1 ; cPµ1 ) of
x
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P
P
(P0 ; cν0 ) ./ (P1 ; cν1 )
x

via r such that cPµ0 (x) = cPµ1 (x) = χ.

The key property that shall allow us to build a recolouring is some kind of
uniformity principle:
Fact 5.20 There exists some i 2 f0; 1g such that for any (P0 ; cPµ0 ) ./ (P1 ; cPµ1 ) 2
x
Sχ0 , either:




the colouring cPµi is not a homomorphism of Pi to T ; or
there exists some biconnected conform forbidden pattern (M ; cM
µ )2M
m
M
P
(Pi ; cµi ).
such that (M ; cµ )

We call i an invalid component of Sχ0 .

To see this fact, note that once the inverse image of the colour of x in the
inverse image has been chosen, say χ0 , the choice of the inverse images
for each component is independant. So, if the above did not hold then we
could choose a valid colouring for each component and r would not be a
recolouring.
Let χ be the colour of x in (P0 ; cPν0 ) ./ (P1 ; cPν1 ). We now construct some r̃
x
from r:




for any colour χ0 2 µ such that r(χ0 ) 6= χ, r̃ agrees with r; and
otherwise, r̃(χ0 ) := χi where i is the invalid component of Sχ0 .

By construction, we have R1
This concludes the proof.

r̃

R̃2 .



Consider now the case of monochrome forbidden pattern problems. Let A and

B be two σ-structures. Suppose that FP(A)  FP(B). Since B is a no-instance of
FP(B), it follows that B is a no-instance of FP(A); in other words that there exists
h

some homomorphism A
B. Hence, that id1 is a recolouring of the monochrome
representation (1; (A; cA1 )) of the first problem to the monochrome representation
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of the second problem (1; (B; cB1 )) as quite clearly the following diagram commutes.
1

id1
cB1

cA1

A

1
cB1

B

h

In the light of Lemma 5.19, it follows that:
normal(1; (A; cA1 ))

normal(1; (B; cB1 )):

Notice that the above proof extends to the case of monochrome forbidden patterns problems (note the plural). Hence the conjecture holds also in the case of
monochrome forbidden patterns problems and we can state the following.
Proposition 5.21 Let R1 and R2 be two monochrome forbidden patterns problems.
FP(R1 )  FP(R2 ) if, and only if, normal(R1 )

normal(R2 ).

I think that one possible approach to the conjecture in the general case would
be to use the exponential of a representation. My intuition comes from the fact
that the exponential of a representation contains somehow some information about
“cleverer” recolourings; these recolourings being adaptive and taking into account
the fact that somewhere “local”, a structure that defines a forbidden pattern occurs
or not.
To conclude this chapter, let us mention the possibility of defining a hierarchy of problems. Let T be some σ-representation. The (non-uniform) recolouring
problem with template T is the problem that takes as instances σ-representations;
T. In the same
and, has yes-instances those σ-representations R such that R
way that forbidden patterns problems generalise homomorphism problems, one
can define problems that generalise the recolouring problems: these problems are
given by a second generation representation that consists of a representation T
(the template), together with a finite set F of forbidden (T-recoloured) reprecF
T
T. This problem takes representations as instances and has yessentations F
cA
instances those representations A such that there exists a recolouring A T T, such
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cF
cF
T
that for every forbidden representation F
T in F , if F A A then the following
does not commute
cA
T
A
T
cF
T
cF
A
F

We could then define a notion of recolouring of second generation and so on.

Chapitre 6
De la complexité des problèmes de
motifs interdits
Je montre qu’il existe des problèmes de motifs interdits qui ne sont pas
dans CSP et qui sont complets pour les classes de complexité NL; P et NP. Je
fais brièvement le tour des restrictions standards applicables aux problèmes
de motifs interdits pour obtenir des problèmes qu’on puisse résoudre efficacement.
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On a vu aux chapitres précédents que les problèmes de motifs interdits généralisent les problèmes d’homomorphisme ; les premiers correspondent exactement à
la logique MMSNP, logique qui a été introduite par Feder et Vardi dans [16] dans
une tentative de caractérisation des seconds. Depuis environ une dizaine d’années,
on a tenté de caractériser la complexité des problèmes d’homomorphismes, le but
ultime étant de prouver un résultat de dichotomie pour ces derniers. Il existe ainsi
de nombreux résultats qui permettent de savoir si certains problèmes d’homomorphisme sont dans P ou bien NP-complets. Il y a par contre à ma connaissance
moins de résultats «fins» de complexité pour les problèmes qu’on sait être dans
P ; on sait que certains problèmes d’homomorphisme sont dans NL (cf. [28]) et
on donnera au chapitre suivant les premiers exemples connus de problèmes d’homomorphisme qui sont complets pour L. Dans ce chapitre, je montre qu’il y a des
exemples de problèmes de motifs interdits qui ne sont pas des problèmes d’homomorphisme et qui sont complets pour les classes de complexité NP, P et NL. Puis
dans une seconde partie, je m’intéresse à des restrictions pouvant être appliquées
aux problèmes de motifs interdits pour faire descendre leur complexité jusqu’à P.
Certaines définitions sont rappelées brièvement en Appendice A.
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6.1 Examples of complete problems for each class
In order to give complete problems for NL, P and NP, we use first the fact that
forbidden-patterns problems correspond to the logic MMSNP to read directly
from their defining MMSNP sentence the complexity class to which they belong
by hand of Grädel’s elegant logical characterisations (see [21]). Then, to prove
completeness we simply encode known complete problems using forbidden patterns problems. The present section is by no means an attempt of characterising
the complexity of forbidden patterns problems but rather an illustration of what
kind of problems can be encoded using forbidden patterns problems.

6.1.1 An NL-complete problem
Let σ2;2 := (E1 ; E2 ), where E1 and E2 are two binary relation symbols. Consider
S to be the representation with,




colour set f0; 1g; and
forbidden patterns W DC21 , W DC22 and BDC22 (as depicted in Figure 6.1):
here the top index denotes the type of edges involved in a forbidden pattern
(on the figure, edges of type E1 are drawn as solid lines and edges of type
E2 as dotted lines).

}; 
W DC21

}

}

W DC22

}

}

BDC22





Figure 6.1: The representation S
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Fact 6.1 FP(S) is in NL.
P ROOF. Let W be a monadic predicate (standing for white) and x; y; z be some
variables. W DC21 corresponds to the following negated conjunct

:(E1 (x; y) ^ E1(y; x) ^ W (x) ^ W (y))
W DC22 corresponds to the following negated conjunct

:(E2 (x; y) ^ E2(y; x) ^ W (x) ^ W (y))
and BDC22 corresponds to

:(E2 (x; y) ^ E2(y; x) ^:W (x) ^:W (y)):
Hence the following sentence of MMSNP expresses exactly the problem FP(S).

9W 8x8y8z

:(E1 (x; y) ^ E1(y; x) ^ W (x) ^ W (y))
^:(E2 (x; y) ^ E2(y; x) ^ W (x) ^ W (y))
^:(E2 (x; y) ^ E2(y; x) ^:W (x) ^:W (y))

Notice that this sentence has at most two occurences of the monadic predicate W
in each negated conjunct, that is, it is in the fragment of second order logic known
as ESO-Krom. By a result of Grädel, this logic is known to capture the complexity

class NL. Hence the result follows.
Fact 6.2 FP(S) is hard for NL.
P ROOF. The restriction of S AT to formulas with at most two literals per conjunct,
namely 2-S AT, is known to be complete for NL. We reduce 2-S AT to FP(S).
For each variable y that occurs in some instance ϕ of 2-S AT, we put two elements
vy and vỹ , one for each literal. Moreover we set E2 (vy ; vỹ ) and E2 (vỹ ; vy ) to hold.
For each clause C of ϕ involving two literals `1 and `2 , we set E1 (v`1 ; v`2 ) and
E1 (v`2 ; v`1 ) to hold. Denote by Gϕ this σ2;2 -structure. We claim that ϕ 2 2-S AT
if, and only if, Gϕ 2 FP(S). See white as false and black as true. A colouring
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of Gϕ valid w.r.t. W DC22 and BDC22 corresponds exactly to an assignment of the
variables of the formula ϕ, since these two forbidden patterns enforce that the
vertices corresponding to opposite literals have opposite colours. If a colouring is
also valid w.r.t. the forbidden pattern W DC21 then the corresponding assignment
for ϕ is valid; indeed, the forbidden pattern W DC22 enforces that at least one of
two vertices v`1 and v`2 , that corresponds to the literals of a clause C, is coloured
black. Clearly, the converse also holds. It can be checked that this transformation

can be achieved via a quantifier-free first-order reduction.
Hence we obtain the following corollary using the theorem of Subsection 4.7.1.
Corollary 6.3 FP(S) is NL-complete and is a forbidden patterns problem that is
not a homomorphism problem.
Notice that it is probably not true that all forbidden patterns problems that
are in NL have a defining MMSNP sentence that is also in ESO-Krom. Indeed
the important mechanism of being able to use the full power of second order
logic is missing if we restrict ourselves to MMSNP where we use only monadic
predicates. Here we used Grädel’s result only to provide a quick proof of the
complexity of our example.

6.1.2 A P-complete problem
The following example is an adaptation of an example of a P-complete problem
from [21]. Consider the following signature σc = (E1 ; E2 ; S+ ; S ; A) where the
symbols are of respective arities 2; 2; 1; 1 and 1. Define C VP to be the problem
captured by the following sentence of MMSNP.

9T 9F 8x8y8z :(S (x) ^:T (x)) ^:(S (x) ^:F (x))
^:(E1(x; z) ^ E2(z; x) ^ F (x) ^:T (z))
^:(NAND(x; y; z) ^ T (x) ^ T (y) ^:F (z))
^:(T (x) ^ F (x)) ^:(A(x) ^:T (x))
+

where:

NAND(x; y; z) = E1 (x; z) ^ E2(z; x) ^ E1 (y; z) ^ E2(z; y) ^ E2(x; y) ^ E2 (y; x):
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Note that this sentence is in ESO-Horn. It follows that the problem C VP is in
the class P. Moreover it is complete for this class, as it encodes the circuit value
problem. The predicate S+ corresponds to the positive inputs of the circuit; the
predicate S to the negative inputs; and, the predicate A to the output of the circuit.
Using the relations E1 and E2 , we can encode Nand gates (Sheffer’s stroke); put
an edge of the first type between the input x of a gate and the output of a gate
z and an edge of the second type from z to x; and, put edges of the second type
between the input x and y of a gate. The monadic predicate T stands for true and
the monadic predicate F for false. The first negated conjunct ensures that positive
inputs are set to true. The second one that negative inputs are set to false. The
third negated conjunct enforces that if one of the inputs of a NAND gate is false
then its output is true. The fourth negated conjunct ensures that if both inputs of
a gate are true then the output is false. The fifth negated conjunct enforces that
we can not have a vertex set simultaneously to true and false. The last negated
conjunct states that the output is set to true. Note that we do not need the negated
conjunct :(:T (x) ^:F (x)), as this can not occur in a σc -structure that encodes a
circuit because of the first four negated conjuncts (this is the trick that allows us
to have a sentence in ESO-Horn).
We complete the colouring and simplify the above sentence and get the following
good sentence that is logically equivalent (cf. Proposition 3.3):

9T 9F 8x8y8z :(S (x) ^:T (x) ^ F (x)) ^:(S (x) ^:T (x) ^:F (x))
^:(S (x) ^ T (x) ^:F (x)) ^:(S (x) ^:T (x) ^:F (x))
^:(E1(x; z) ^ E2(z; x) ^:T (x) ^ F (x) ^:T (z) ^ F (z))
^:(E1(x; z) ^ E2(z; x) ^:T (x) ^ F (x) ^:T (z) ^:F (z))
^:(NAND(x; y; z) ^ T (x) ^:F (x) ^ T (y) ^:F (y) ^:T (z) ^:F (z))
^:(NAND(x; y; z) ^ T (x) ^:F (x) ^ T (y) ^:F (y) ^ T (z) ^:F (z))
^:(T (x) ^ F (x))
^:(A(x) ^:T (x) ^ F (x)) ^:(A(x) ^:T (x) ^:F (x))
+

+

We shall now build the representation that corresponds to this sentence; however,
since the colour (T (x) ^ F (x)) is not allowed, we directly remove it from the set
of colours. We get a representation with three colours:
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} for (:F (x) ^ T (x));

2.

 for (F (x) ^:T (x)); and

3.

~ for (:F (x) ^:T (x)).
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We write S+ (}) to depict :(S+ (x) ^:T (x) ^ F (x)) and proceed similarly for the
other monadic predicates from σc . Let C be the representation hence obtained.

C is depicted in Figure 6.2. Showing that the corresponding forbidden patterns

}, , ~
S (})
S (~)
S ()
S (~)
+
+

}
}
}
~








~

A(})
A(~)
Figure 6.2: The representation C

178CHAPITRE 6. DE LA COMPLEXITÉ DES PROBLÈMES DE MOTIFS INTERDITS
problem is not in CSP requires to compute the normal form of the above. This is
rather tedious as the fifth forbidden pattern has a homomorphic image that is not
biconnected:

}
The seventh has two such homomorphic images:

The eighth has one such homomorphic image:





and





~
However, after a Feder-Vardi transformation they do not yield any conform forbidden patterns. Hence, the normal form of the representation C is not conform
and we have the following.
Corollary 6.4 C VP is P-complete and is a forbidden patterns problem that is not
a homomorphism problem.

6.1.3 An NP-complete problem
The problem N O -M ONO -T RI was already considered in [16] as an example of
an NP-complete problem in MMSNP but not in CSP, but they referred to [20]
for completeness; as a matter of fact the problem considered in [20] involves
colouring of the edges.
Proposition 6.5 The problem N O -M ONO -T RI is computationally equivalent to
the problem NAE-S AT:




q f FO NAE-SAT ; and
N O -M ONO -T RI FO NAE-S AT .
N O -M ONO -T RI

: :

P ROOF. First, we reduce an instance G of N O -M ONO -T RI to NAE-S AT, that is a
set U of variables and a collection C of clauses over U such that each clause c 2 C
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has length 3. (Recall that NAE-S AT asks the following question: is there a truth
assignment for U such that each clause in C has at least one true literal and at least
one false literal?). The traditional encoding for NAE-S AT involves a signature
σn = (C0 ; C1 ; C2 ; C3 ), where the Ci are ternary predicates. Hence a σn -structure U
can be seen as an encoding of an instance of NAE-S AT; its universe is a set of
variables, and if Ci (x; y; z) holds, it means that there is a clause involving x; y and z,
where the i first variable(s) appear as negative literal(s) and the other(s) positively.
Let
Π = (ϕ0 ; ϕ1 ; ϕ2 ; ϕ3 );
where:
ϕ0 (x; y; z) = (E (x; y) _ E (y; x)) ^ (E (y; z) _ E (z; y)) ^ (E (z; x) _ E (x; z))
ϕ1 = false
ϕ2 = false
ϕ3 = false

Π is an interpretation of σn in σ2 of width one; and, clearly, U 2 N O -M ONO -T RI
if, and only if, Π(U ) 2 NAE-S AT . Thus, N O -M ONO -T RI q: f :FO NAE-S AT .
x3

x2
x1

x4

x?

x
x̄
ȳ

y?

y
y4

y1
y3

y2

Figure 6.3: example of the reduction of one clause fỹ; y; xg.

Now, we shall reduce NAE-S AT to N O -M ONO -T RI via a FO-interpretation.
We, first introduce the idea of the reduction in more traditional terms, and in a
second time show that this reduction can be implemented via FO-interpretation.
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First, we need to define a graph, used as a gadget in the reduction. Let G5 be

the graph with vertices fx> ; x0 ; x1 ; x2 ; x3 ; x4 ; x? g, and whose edges consist of the
union of the following sets:

 f(x0; x1); (x1; x2); (x2; x3); (x3; x4 ); (x4; x0 )g;
 f(x>; xi)ji = 0; 4g;
 f(x?; xi)ji = 0; 4g[f(x>; x?)g.
Note that there are only two possible 2-colourings of G5 such that G5 has no
monochromatic triangle and, further, that these colourings set x> and x? with the
same colour, whereas the xi ’s are set the other colour.
For every instance (U ; C) of NAE-S AT, we construct the graph G as follows.






G has a vertex x and a vertex x̄ for each variable x in G; and,
we add a copy of the gadget G5 between any two such vertices x and x̄,
identifying x with x> and x̄ with x0 ; and,
for every clause c 2 C involving three literals `1 ; `2 ; `3, we add three special
vertices `c1; `c2 ; `c3 and three copies of G5 that enforce that the `ci ’s and the `i ’s
have opposite colours.
Finally, the constraint given by the clause c between the literals `1 ; `2; `3 is
enforced by adding a triangle between the three special vertices 1 `c1 ; `c2; `c3 .

Suppose that the original instance is satisfiable: then colour in white one node
corresponding to a literal assigned to false and in black a node corresponding to
a literal assigned to true. Now, colour the gadget as follows, assign to x? the
same colour as the one assigned to x, and assign the opposite colour to x1 ; : : :; x4 .
Clearly, this colouring does not introduce any monochromatic triangle and the
graph belongs to N O -M ONO -T RI. On the other hand, if the graph belongs to N O M ONO -T RI, the nodes added enforce that nodes x and x̄ have an opposite colour
and because every triangle corresponding to a clause is non-monochromatic, at
1 We can not add directly a triangle between `

1 ; `2 ; `3 , otherwise the interaction of such triangles
may well lead to a triangle that does not correspond to a clause of the instance (U ; C) of NAE-S AT.
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least one literal per clause must have been assigned a value different from the
other literals.
This reduction can be implemented via a FO-interpretation. We leave this as

an exercise for the reader.
We have proved in Section 2.4 that N O -M ONO -T RI was not in CSP. We get
the following.
Corollary 6.6 N O -M ONO -T RI is NP-complete and is a forbidden patterns problem that is not a homomorphism problem.

6.2 Some restrictions ensuring tractability
There are well-known restrictions over instances of difficult graph problems which
tend to give rise to tractable problems; restrict the girth of the instances, restrict the
problem over trees, over planar graphs or over graphs of some suitable bounded
degree. We briefly discuss these approaches in this section.

6.2.1 High girth
The first kind of obvious restriction for forbidden patterns problems whose normal
form has no conform forbidden patterns like N O -M ONO -T RI consists in restricting the instance to have sufficiently high girth such that none of the forbidden
patterns can occur in any colouring. Hence clearly we have the following.
Fact 6.7 Every σ2 structure that encodes a graph with girth greater or equal to 4
belongs to N O -M ONO -T RI.
This can be generalised as follows.
Corollary 6.8 Let (T ; M ) be some normal connected representation. Let g be the
largest cycle that embeds in a forbidden pattern from M . If CSP(T ) is tractable
then the problem FP(T ; M ) restricted to instances of girth strictly greater than g
is tractable.
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P ROOF. Let A be some instance of girth greater than g. If A
h

FP(T ; M ); otherwise, any A
T is a valid colouring w.r.t.
words, the problem reduces to CSP(T ).

=

T then A 2
=

(T ; M ).

In other



6.2.2 Bounded tree width
The approach restricting the instances of some difficult graph problems to trees
(thus avoiding back-track) can be generalised to instances of bounded tree-width
(thus avoiding back-track once it has been checked that an instance is locally
satisfiable). For the constraints satisfaction problem, this has been investigated
among others by Freuder [18,19] and Dechter et al. [8,10]. Recently, the latter has
proposed a unifying framework based on the algorithmic aspect of this method:
bucket elimination [9]. A more formal generalisation is also known for problems
in monadic second order logic. This general result was proved by Courcelle [5].
This leads to the following.
Corollary 6.9 Let k be some fixed positive integer. When restricted to instances
of tree-width at most k, a forbidden pattern problem is tractable 2 .

6.2.3 Bounded degree
A further way of restricting graph problems is well-known; it consists in considering only graphs of a certain bounded degree. We investigate here the case of
N O -M ONO -T RI.
Lemma 6.10 Every σ2 -structure that encodes a graph of degree at most two is a
yes-instance of N O -M ONO -T RI.
P ROOF. There is an obvious algorithm to build valid colourings of such instances.
Every connected component can be dealt with independently. So assume w.l.o.g.
that the instance is connected. Pick up some vertex and colour it in white. Pick
2 More

precisely, in linear time: the problem is decidable in time linear in the structure size but
also the solutions are computable in time linear in the structure size plus the size of the output by
a recent generalisation of Courcelle’s result [17].
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up the vertices it is adjacent to (there are at most two) and colour them black and
so on. We have levels that correspond to each stage of the algorithm. There can
not be any edges between two vertices that are at least two levels apart. Moreover

there are at most two vertices per level. Hence the result clearly follows.

6.2.4 Planar instances
Another way of restricting a forbidden patterns problem to obtain tractability
would probably involve some concept near the concept of planarity for graphs. We
shall use here the four colour theorem to prove that our main example N O -M ONO T RI becomes tractable (as a matter of fact it becomes trivial) when restricted to
planar graphs.
Lemma 6.11 Every σ2 -structure that encodes a planar graph is a yes-instance of
N O -M ONO -T RI.
P ROOF.This short and elegant argument has been proposed by Regis Barbanchon.
Let A be a σ2 -structure that encodes a planar graph G. By the four-colour theorem,
G is 4-colourable (in the restricted sense: adjacent edges have different colour).

Consider some valid 4-colouring cG of the vertices of G with f0; 1; 2; 3g. Colour
in 0 those vertices that have been coloured in 0 and 2 and in 1 otherwise. This
colouring of G has no monochromatic triangle, otherwise cG would not be a valid
colouring.



Hence we obtain the following.
Corollary 6.12 N O -M ONO -T RI is tractable (trivial) when restricted to instances
encoding planar graphs.
Recall that planar graphs can be defined in terms of forbidden minors. So, it
would be interesting to investigate how sets of graphs defined in terms of forbidden minors compare with forbidden patterns problems.
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Chapitre 7
Le problème d’homomorphisme
pour des algèbres unaires
Nous montrons que le problème d’homomorphisme uniforme (c’est-à-dire
que la donnée consiste en une paire de structures) restreint aux paires d’algèbres unaires avec un seul symbole peut être résolu en L (espace logarithmique). Nous prouvons également une dichotomie pour la classe des problèmes analogues non uniformes : ces derniers sont triviaux, si le patron (la
structure cible fixée) a un point fixe et L-complets, sinon. Il y a un saut significatif de complexité lorsque deux symboles unaires sont considérés : le
problème uniforme est alors trivialement dans NP ; et, nous montrons par l’intermédiaire d’un codage assez naturel des problèmes d’homomorphisme pour
des graphes non orientés qu’il existe des problèmes analogues non uniformes
qui sont NP-complets. Pour information, ce chapitre est le résultat d’un travail
commun avec Iain Stewart (cf. [42]). Ces résultats ont étés unifiés avec des
résultats récents de Feder dans [15].
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Deux résultats exceptionnels illustrent bien la tentative de classification de la
complexité des problèmes d’homomorphisme non uniformes. Le premier a été
établi par Schaefer [52] qui a complètement caractérisé la complexité des problèmes dont le patron est une structure booléenne. Il montre que si le patron appartient a une classe parmi six classes spécifiques, alors le problème correspondant
appartient à la classe de complexité P, sinon il est NP-complet. Notez la dichotomie (rappellons qu’en général ce n’est pas le cas puisque, d’après le théorème
de Ladner, si P 6= NP, alors il existe une collection infinie de classes distinctes de
problèmes qui sont calculatoirement équivalents entre P et NP). Le second résultat est dû à Hell et Nešetřil [23], qui ont montré que lorsque l’on se place dans
le cas des graphes non orientés sans boucles, les problèmes d’homomorphisme
non uniformes sont dans P, si le patron est un graphe biparti et NP-complet sinon.
Notez également la dichotomie dans ce cas. Pour plus de détails sur ces résultats,
reportez vous à la section 2.2. Dans le présent chapitre, nous nous intéressons à la
complexité du problème d’homomorphisme dans le cas d’algèbres unaires. Tout
d’abord, nous étudions le cas d’algèbres ayant seulement un symbole unaire, puis
celui d’algèbres ayant deux symboles unaires. Dans le premier cas, nous montrons que le problème uniforme appartient à L et que des problèmes analogues
non uniformes qui sont L-complets existent. En effet, nous obtenons en fait une
dichotomie plutôt drastique : un tel problème est toujours L-complet, à moins que
son patron n’ait un point fixe, auquel cas toute fonction unaire est acceptée (et
donc le problème est trivial). Dans le second cas, le problème non uniforme étant
facilement vu comme membre de la classe de complexité NP, nous montrons qu’il
existe des problèmes analogues non uniformes qui sont NP-complets. Nos résultats apportent ainsi quelques éléments à la classification en cours des problèmes
d’homomorphisme, et à notre connaissance, nous donnons le premier exemple
connu de problème d’homomorphisme qui soit L-complet (la plus petite classe
non triviale pour laquelle on avait un exemple de problème complet, à savoir 2S AT était NL).
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7.1 Basic definitions
A signature consists of a finite collection of constant symbols, function symbols
and relation symbols, and each function and relation symbol has an associated
arity. A finite structure A over the signature σ, or σ-structure, consists of a finite

set jAj, the domain or universe, together with a constant CA (resp. function F A ,
relation RA ) for every constant symbol C (resp. function symbol F, relation symbol R) of σ, with functions and relations being of the appropriate arity (we usually
only include superscripts in the names of our constants, functions and relations
when it may be unclear as to which structure we are dealing with). The size of a

structure A is the size of the domain and is denoted jAj also. A homomorphism
ϕ : A ! B of a σ-structure A to a σ-structure B is a map ϕ : jAj ! jBj such that:



any constant of A is mapped to the corresponding constant of B;



if F is a function symbol of arity a then
F A (u1 ; u2 ; : : : ; ua ) = v ) F B (ϕ(u1 ); ϕ(u2); : : : ; ϕ(ua)) = ϕ(v);

for all u1 ; u2 ; : : : ; ua ; v 2 jAj;



if R is a relation symbol of arity b then
RA (u1 ; u2 ; : : :; ub ) holds

) RB(ϕ(u1); ϕ(u2); : : : ; ϕ(ub)) holds,
for all u1 ; u2 ; : : : ; ub 2 jAj:

If there exists a homomorphism of A to B then we write A ! B.
Let C be a class of finite structures. The uniform constraint satisfaction problem CSPC has: as its instances pairs (A; B) of structures from C over the same
signature; and as its yes-instances those instances (A; B) for which there exists
a homomorphism of A to B. If all structures in C are over the same signature
and T 2 C then the non-uniform constraint satisfaction problem CSPC (T ) has:

as its instances structures A 2 C ; and as its yes-instances those instances A for
which there exists a homomorphism of A to T . We should add that the individual
tractability, for example, of an infinite collection of non-uniform constraint satis-
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faction problems fCSPC (T ) : T

2 C g does not automatically yield the tractability

of the uniform constraint satisfaction problem CSPC ; for it may be the case that
the size of the template, whilst a constant in a non-uniform problem, might play
an exponential role in some time bound (see [35] for an examination of this issue).
We shall be involved with problems solvable in L and complete for this complexity class. As regards completeness, the notion of reduction we work with
comes from finite model theory and is the quantifier-free projection. Before giving
a definition of a quantifier-free projection, we present an example of a quantifierfree projection from one problem to another. As it turns out, we will need this
actual reduction later on. The reader is referred to, for example, [26, 27, 54] for
more on quantifier-free projections and other logical reductions, and their relevance as low-resource reductions: we only sketch the issues here.
Let the signature σ2++ consist of the binary relation symbol E and the two
constant symbols C and D. We can think of a σ2++ -structure as a digraph, possibly with self-loops, with two designated vertices (which may be identical). The
problem DTC0;1 has: as its instances the class of σ2++ -structures which, when
considered as digraphs with self-loops, have the property that every vertex has degree at most 1; and as its yes-instances those instances with the property that there
is a path in the digraph from the vertex C to the vertex D. The problem DTC1 has:
as its instances the class of σ2++ -structures which, when considered as digraphs
with self-loops, have the property that every vertex has degree exactly 1; and as its
yes-instances those instances with the property that there is a path in the digraph
from the vertex C to the vertex D.
We shall derive four quantifier-free formulae over the signature σ2++ and we
shall use our formulae to describe, given an instance A of DTC0;1 , an instance
ρ(A) of DTC1 : the first formula will define the vertex set of ρ(A); the second
formula will describe the edge relation of our instance; and the third and fourth
formulae will describe the source and target vertices.

The domain of ρ(A) is jAj2 . We assume that, regardless of the signature, we
always have a binary relation succ at our disposal that is always interpreted as a
successor relation on the domain of any structure, i.e., as a relation of the form

f(i j ; i j

+1 )

: j = 0; 1; : : :; n

1g;
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when the domain of a structure of size n is fi0 ; i1 ; : : :; in

1

g, and also two constant

symbols, 0 and max, that are always interpreted as the least and greatest elements,
respectively, of the successor relation succ (more of this successor relation later).
Let us suppose for simplicity that the elements of jAj are f0; 1; : : :; n 1g and

abbreviate ‘succ(u; v)’ by ‘v = u + 1’. The vertices of f(u; v) : v = 0; 1; : : :; n 1g
will form a path (u; 0); (u; 1); : : :; (u; n 1) in ρ(A), with a self-loop at (u; n 1),

except that:




if (u; v) is an edge of E A , where u 6= v, then there is no edge
v + 1)) in ρ(A) nor self-loop ((u; n 1); (u; n
an edge ((u; v); (v; 0)) in ρ(A); and

1)), if v = n

((u; v); (u;

1, but there is

if (u; u) is an edge of E A then there is no edge ((u; u); (u; u + 1)) in ρ(A) but
there is a self-loop ((u; u); (u; u)).

The source vertex of ρ(A) is the vertex (CA ; 0) and the target vertex is (DA ; 0).
It is easy to see that an instance A of DTC0;1 is a yes-instance if, and only if, the
instance ρ(A) is a yes-instance of DTC1 (as whenever u 6= v, there is an edge (u; v)

in E A if, and only if, there is a path from vertex (u; 0) to vertex (v; 0) in ρ(A)).
The formula ψ0 , ψE , ψC and ψD describing the above construction are as
follows.
ψ0 (x1 ; x2 )
ψE (x1 ; x2 ; y1 ; y2 )

ψC (x1 ; x2 )
ψD (x1 ; x2 )




x1 = x1

^ y2 = x2 + 1 ^:E (x1 ; x2 ))
_(x1 = y1 ^ x2 = y2 = max ^:E (x1 ; max))
_(x1 6= x2 ^ y1 = x2 ^ y2 = 0 ^ E (x1 ; x2))
_(x1 = x2 ^ x1 = y1 ^ x2 = y2 ^ E (x1 ; x2))
 x1 = C ^ x2 = 0
 x1 = D ^ x2 = 0
(x1 = y1

The formula ψ0 (x1 ; x2 ) tells us that the vertex set of ρ(A) is the whole of jAj2 (it

might have restricted the vertex set to be some appropriately defined subset of jAj2
but in this case didn’t); and ψE , ψC and ψD describe the edge relation, the source
vertex and the target vertex of ρ(A), respectively.
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So, we can say that DTC1 is a quantifier-free first-order reduction of DTC0;1
(as the defining formulae are quantifier-free first-order); but we can actually say
more. Note that the above formula ψE is of the following form.

_

f(αi ^ βi) : i = 1; 2; : : :; kg;

for some k  1, where:



each αi is a conjunction of atoms and negated atoms not involving any relation or function symbols of the underlying signature (σ2++ in the illustration
above);



the αi ’s are mutually exclusive, i.e., for any valuation on the variables (and
constants) of any αi and α j , where i 6= j, it is not the case that both αi and
α j hold;



each βi is an atom or a negated atom (over the underlying signature).

Indeed, the formulae ψC and ψD are trivially of this form too; and, furthermore,
ψ0 is a quantifier-free first-order formula not involving any relation or function
symbols of the underlying signature. Hence, there is a quantifier-free projection
from the problem DTC0;1 to the problem DTC1 (see A). It was proven in [54] that
DTC0;1 is complete for L via quantifier-free projections; and consequently DTC1
is also complete for L via quantifier-free projections.
Quantifier-free projections are so called because the defining formulae are
quantifier-free first-order and any ‘bit’ of a target instance, e.g., edge of ρ(A),
above, depends only upon at most one ‘bit’ of the source structure, e.g., edge of
A, above. They are extremely restricted reductions between problems and can
easily be translated into other restricted circuit-based or model-based reductions,
e.g., logtime-uniform NC1 -reductions, used in complexity theory (see [27]). The
(built-in) successor relation and the two associated constants give us an ordering
of our data which often enables us to model machine-based computations where
all data (such as input strings and instantaneous descriptions) is ordered.
We have one final remark: in our example above, we used quantifier-free firstorder formulae to describe an edge relation and two constants. We can equally
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well use such formulae to describe functions by treating an m-ary function F as an
relation RF where for any elements u1 ; u2 ; : : : ; um , there exists exactly
one v such that RF (u1 ; u2 ; : : : ; um ; v) holds (constants, i.e., 0-ary functions, are
described above in this way).
(m + 1)-ary

7.2 One unary function
Let λ1 be the signature consisting of one unary function symbol f . The decision
problem Hom-Alg1 has as its instances pairs (A; B) of λ1 -structures; and as its

yes-instances instances (A; B) for which A ! B (and so Hom-Alg1 is the problem
CSPC , where C is the class of all λ1 -structures). The size of an instance is the
maximum of the sizes of A and B. We assume that a unary function f is encoded
for input to some Turing machine as a list of pairs of the form (u; f (u)).
Let A be a λ1 -structure. The graph of A is the σ2 -structure Ȧ = hjAj; E i, where

E (u; v) holds if, and only if, f (u) = v (note that it may be the case that E (u; u)
holds in Ȧ). The proof of the following lemma is trivial.
Lemma 7.1 Let A and B be λ1 -structures. Then A ! B if, and only if, Ȧ ! Ḃ.
Proposition 7.2 The problem Hom-Alg1 is in L.
P ROOF.By Lemma 7.1, we can assume that we are given pairs of graphs of unary
functions as instances rather than pairs of unary functions.
Let Ȧ be the graph of some unary function A. Then in general Ȧ consists of a
collection of connected components where each component is an directed cycle,
which may have any length greater than 0 (and so may be a self-loop), some of
whose vertices are roots of in-trees. These components can be visualised as in
Figure 7.2. We call these components cycles with pendant in-trees. We define the
length of a cycle with pendant in-trees as the length of the directed cycle.
Let (Ȧ; Ḃ) be a pair of graphs of unary functions where maxfjȦj; jḂjg is n.
Suppose that there is a homomorphism taking some connected component C of
Ȧ to a connected component D of Ḃ. If C is a cycle with pendant in-trees of
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directed cycle

pendant in−trees

an in−tree

a directed cycle with pendant in−trees

Figure 7.1: The components of the graph of a unary function.
length c then D must be a cycle with pendant in-trees of length d where d divides
c. Furthermore, if C and D are cycles with pendant in-trees of lengths c and d,
respectively, and d divides c then there is a homomorphism of C to D. Hence, the
following is a necessary and sufficient condition for a homomorphism of Ȧ to Ḃ
to exist.



For every cycle with pendant in-trees of length c in Ȧ, there must exist a
cycle with pendant in-trees of length d in Ḃ where d divides c.

This condition can easily be verified using O(log n) space (in n). For example,
we can ascertain whether a vertex u lies on the cycle of a cycle with pendant intrees in Ȧ by walking along the path emanating from u and stopping after n moves
(when u doesn’t lie on a cycle) or after we have returned to u (when u does lie on
a cycle). By counting as we walk, we obtain the length of the cycle (if u lies on a
cycle). We can then work through the vertices of Ḃ checking to see whether they
lie on the cycle of a cycle with pendant in-trees in Ḃ; and if a vertex does lie on
the cycle of a cycle with pendant in-trees then we can check whether the length of

this cycle divides c. Hence, the problem Hom-Alg1 2 L.
Proposition 7.3 The problem Hom-Alg1 is L-hard (via quantifier-free projections).
P ROOF. Let A be an instance of DTC1 . Define the unary function fA as follows.
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The domain of fA is jAj2 f0; 1g and:



if C = D then:
– f ((u; v; b)) = (C; C; 0), for all (u; v; b) 2 jAj2 f0; 1g;



if C 6= D then:
– if (u; v) 2 E where u 6= D, v 6= C and u 6= v then fA ((u; u; 0)) = (u; v; 0)
and fA ((u; v; 0)) = (v; v; 0)
– if (u; u) 2 E where u 6= D then fA ((u; u; 0)) = (u; u; 1) and fA ((u; u; 1)) =
(u; u; 0)

– fA ((D; D; 0)) = (C; C; 0)
– for any element (u; v; b) 2 jAj2 f0; 1gnf(D; C; 0)g for which fA ((u; v; b))
is still undefined, define fA ((u; v; b)) = (D; C; 0), and define fA ((D; C; 0)) =
(D; C ; 1).
Essentially, apart from the trivial case where C = D, the graph of fA is obtained
from the digraph whose edge relation is E as follows:



take a copy of the digraph (with self-loops) whose edge relation is E, and
replace any edge emanating from vertex D with the edge (D; C); and



replace every edge (u; v), apart from the edge (D; C), by a pair of edges
(u; eu;v ) and (eu;v ; v), where eu;v is a new vertex.

Other vertices are actually introduced in the formal constructive process (defined
above), with two of these vertices being (D; C; 0) and (D; C; 1). The construction is completed by introducing edges from all vertices, apart from (D; C; 0), to
(D; C ; 0);

and also an edge from (D; C; 0) to (D; C; 1). Now define gA to have domain f0; 1g and to be such that gA (0) = 1 and gA (1) = 0. We claim that A 2 DTC1
if, and only if, ( fA ; gA ) 62 Hom-Alg1 .
The trivial case is straightforward (note that if the graph of fA has a self-loop
then there is not a homomorphism of fA to gA ): so suppose henceforth that C 6= D.
Suppose that there is a path in the digraph whose edge relation is E from vertex
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C to vertex D. Then in the graph of fA , there is a odd length cycle with pendant
in-trees of length greater than 1. Hence, there is no homomorphism of fA to gA .
Suppose that there is not a path in the digraph whose edge relation is E from
vertex C to vertex D. Then all components of the graph of fA are even length
cycles with pendant in-trees. Hence, there is a homomorphism of fA to gA .
The construction of the unary functions fA and gA from A can easily be described by quantifier-free projections (see, e.g., [54] for concrete illustrations of
logical formulae describing reductions between problems) and so the result follows as DTC1 is complete for L via quantifier-free projections (note that there are
quantifier-free projections describing both the λ1 -structures fA and gA ).



The following is now immediate from Propositions 7.2 and 7.3.
Theorem 7.4 The problem Hom-Alg1 is L-complete (via quantifier-free projections).
The problem Hom-Alg1 is uniform in the sense that any unary function can
appear as either the first or second component of an instance. We obtain nonuniform versions of Hom-Alg1 by fixing the second component. The problem
Hom-Alg1(T ), for some λ1 -structure T , consists of all those λ1 -structures A for
which A ! T (and so Hom-Alg1(T ) is the problem CSPC (T ), where C is the
class of all λ1 -structures).
The following is immediate from Propositions 7.2 and 7.3.
Theorem 7.5 Let T be the λ1 -structure corresponding to the unary function g
whose domain is f0; 1g and g(0) = 1 and g(1) = 0. The problem Hom-Alg1(T )
is L-complete (via quantifier-free projections).

Hence, not only is the uniform problem Hom-Alg1 L-complete, there are also
non-uniform problems Hom-Alg1(T ) that are L-complete (moreover, even when
T has only two elements).
Actually, we can say more about non-uniform problems of the form HomAlg1 (T ). Whilst the proof of Proposition 7.3 is such that the template has a graph
that is a cycle of length 2, we can actually replace this template with any λ1 structure T so long as the graph of T has a cycle of pendant in-trees of length
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at least 2 as follows. Suppose that Ṫ has cycles of pendant in-trees of lengths
d1 ; d2 ; : : : ; dk , for some k > 0. Adopting the terminology of the proof of Proposition 7.3 and with reference to this proof, in our construction process when we
replace an edge of the graph of fA with a path of 2 edges, instead we replace the
edge with a path of d1 d2 : : : dk edges. So, if there is a path in the digraph whose
edge relation is E from vertex C to vertex D then the graph of fA has a cycle with

pendant in-trees of length c:d1 d2 : : : dk + 1, for some c  1, and all other cycles
with pendant in-trees have length divisible by d1 d2 : : : dk (if there are any); and
if there is no such path then the graph of fA is such that every cycle with pen-

dant in-trees has length divisible by d1 d2 : : : dk . Hence, we obtain the following
corollary.
Corollary 7.6 Let T be any λ1 -structure without a fixed point. Then Hom-Alg1(T )
is L-complete (via quantifier-free projections).
Trivially, if the λ1 -structure T has a fixed point then Hom-Alg1 (T ) consists of
every λ1 -structure and is identical to the problem Hom-Alg1 (F0 ), where F0 is the
function whose domain has one element. Note that whereas the ‘trivial’ cases of
Hom-Alg1(T ) are identical to Hom-Alg1(F0 ), so there is an analogous remark to
be made about Hell and Nešetřil’s dichotomy: the ‘trivial’ cases, here the cases
where the problem is solvable in polynomial-time, are identical to the case where
the template graph consists of a solitary edge.

7.3 Two unary functions
Let λ2 be the signature consisting of the two unary function symbols f and g. The
decision problem Hom-Alg2 has as its instances pairs (A; B) of λ2 -structures; and
as its yes-instances instances (A; B) for which A ! B. As before, the size of an
instance is the maximum of the sizes of A and B.
Let σ2

=

hE i, where E is a binary relation symbol.

We shall begin by ex-

plaining how we can transform any σ2 -structure G, which we regard as a simple
undirected graph via ‘there is an edge (u; v), for u 6= v, if, and only if, either E (u; v)
or E (v; u) holds’, into a λ2 -structure. The λ2 -structure λ2 (G) is defined as follows.
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The domain of λ2 (G) consists of

fu : u 2 jGjg[fu0 : u 2 jGjg[feu v; ev u : E (u; v) or E (v; u)
;

;

holds and u 6= vg:

Furthermore, we call the elements of fu : u 2 jGjg straight elements, the
elements of fu0 : u 2 jGjg prime elements and the elements of feu;v ; ev;u :
E (u; v) or E (v; u) holds and u 6= vg edge elements.



For any straight element u, f (u) = u and g(u) = u0 ; for any prime element

u0 , f (u0 ) = u and g(u0 ) = u0 ; and for any edge element eu;v , f (eu;v ) = v0 and
g(eu;v ) = u.

The above construction can be visualized in Figure 7.2.

eu,v
the function f

u

v

the function g
u’
ev,u

v’

Figure 7.2: The construction of λ2 (G) from G.
Lemma 7.7 Let G and H be undirected graphs. Then G ! H if, and only if,

λ2 (G) ! λ2 (H ).

P ROOF. Suppose that ψ : G ! H is a homomorphism. Define the map ϕ :
jλ2(G)j ! jλ2(H )j as follows:



if u is a straight vertex of λ2 (G) then ϕ(u) is the straight vertex ψ(u) of



if u0 is a prime vertex of λ2 (G) then ϕ(u0 ) is the prime vertex ψ(u)0 of λ2 (H );

λ2 (H );
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if eu;v is an edge vertex of λ2 (G) then ϕ(eu;v ) is the edge vertex eψ(u);ψ(v) of
λ2 (H ).

That ϕ is a homomorphism is straightforward: for example, f (eu;v ) = v0 in λ2 (G)
and f (ϕ(eu;v )) = f (eψ(u);ψ(v) ) = ψ(v)0 = ϕ(v)0 in H.

Suppose that ϕ : λ2 (G) ! λ2 (H ) is a homomorphism. It is immediate that for
any straight or prime vertex u, ϕ(u) cannot be an edge vertex (as f maps every
straight or prime vertex to itself but not so an edge vertex). Hence, define the map
ψ : jGj ! jH j as follows:
ψ(u) = v

if, and only if, ϕ maps the straight vertex u of λ2 (G) to
either the straight vertex v or the prime vertex λ2 (v)0
of λ2 (H ):

Suppose that (u; v) is an edge of G. Then eu;v and ev;u are vertices of λ2 (G)
and ψ(eu;v ) = ea;b , for some vertex ea;b of λ2 (H ) where (a; b) is an edge of G. In
λ2 (G), u = g(eu;v ) and so:
ϕ(u) = ϕ(g(eu;v )) = g(ϕ(eu; v)) = g(ea;b ) = b:
Also, v0 = f (eu;v ) in λ2 (G), and so:
ϕ(v0 ) = ϕ( f (eu;v )) = f (ϕ(eu;v )) = f (ea;b ) = b0 ;
with f (ϕ(v0 )) = f (b0 ), i.e., f (ϕ(v)) = f (b), i.e., ψ(v) = b. Hence, ψ is a homomorphism.



Theorem 7.8 The problem Hom-Alg2 is NP-complete.
P ROOF. Let 3COL be the problem, over σ2 , whose instances are undirected graphs
and whose yes-instances are instances that can be properly 3-coloured (this problem has long been known to be NP-complete [20]). The problem 3COL can be
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reformulated as those undirected graphs for which there is a homomorphism to
the complete graph on 3 vertices. The result follows by Lemma 7.7.



As before, we obtain non-uniform versions of Hom-Alg2 by fixing the second
component. The problem Hom-Alg2 (T ), for some λ2 -structure T , consists of all

those λ2 -structures A for which A ! T .

Theorem 7.9 Let T be the λ2 -structure of the form λ2 (G), where G is the complete undirected graph on 3 vertices. The problem Hom-Alg2 (T ) is NP-complete.
Hence, not only is the uniform problem Hom-Alg2 NP-complete, there are
also non-uniform problems Hom-Alg2(T ) that are NP-complete. However, we
have as yet been unable to obtain a classification of the non-uniform constraint
satisfaction problems of the form Hom-Alg2(T ). Our only comment is that we
could have taken any NP-complete graph-problem that can be formulated as a
non-uniform constraint satisfaction problem, and not just 3COL, to obtain an
NP-complete problem of the form Hom-Alg2(T ). Unfortunately, there are many
λ2 -structures which are not the images of undirected graphs (under the map λ2 ,
above).
We have recently extended these results in a joint work with Tòmas Feder and
Iain Stewart: the former had contemporary and independent related results for
tractability of some related digraphs homomorphisms problems (cf. [14]).

Chapitre 8
Conclusion
Le résultat principal de cette thèse est un théorème de séparation entre deux
classes de problèmes combinatoires : les problèmes de satisfaction de contraintes
(CSP) et les problèmes de motifs interdits (FP). Les seconds étant exactement les
problèmes définissables par les formules de la logique MMSNP définie par Feder et Vardi, qui ont prouvé dans [16] l’équivalence calculatoire entre MMSNP et
CSP. Cependant, il est important de noter que cette équivalence calculatoire utilise des réductions probabilistes polynomiales et qu’il reste ouvert si ces dernières
peuvent être déterminisées. Ces auteurs avaient par ailleurs montré que CSP était
strictement incluse dans MMSNP ; leur preuve reposant sur des arguments de dénombrement, nous avions reprouvé dans [43] ce résultat de manière constructive
et prouvé quelques exemples supplémentaires. J’ai reproduit ces résultats dans la
fin du chapitre 2. Désirant initialement prouver qu’il n’était pas possible de déterminiser les réductions probabilistes mentionnées ci-dessus (ou plus exactement,
qu’il n’existait pas de telles réductions déterministes «fines», issues de la complexité descriptive, comme les FO-reductions dont on a rappelé la définition en
Appendice A) je me suis fixé comme but intermédiaire de caractériser exactement
les problèmes définissables par des formules de MMSNP qui ne sont pas des problèmes de satisfaction de contraintes. Le coeur de cette thèse est en fait consacré
à la preuve de ce résultat et la question initiale reste ouverte. J’ose espérer avoir
convaincu le lecteur que mon résultat est en fait un peu plus qu’un simple résultat
intermédiaire.
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D’une part, la preuve de ce résultat présente un intérêt : en effet, cette dernière met en évidence une généralisation des structures et des homomorphismes,
les représentations et les recoloriages qui me semble pertinante ; mais aussi une
adaptation des techniques utilisées par Feder et Vardi ce qui conduit à une forme
normale que l’on peut calculer. Ainsi, à partir de la forme normale d’un problème
donné, on peut décider facilement si ce problème est dans CSP, et finalement si ce
n’est pas le cas, la preuve permet de donner une construction générique de famille
de témoins, démontrant que le problème n’est pas un problème de satisfaction de
contraintes puisque aucune structure ne peut en être le patron.
D’autre part, le résultat lui même généralise un résultat de Tardif et Nešetřil
(cf. [45]). Leur résultat utilise une élégante correspondance entre dualité et densité pour caractériser les paires duales, qui correspondent dans notre cas à des
problèmes de motifs interdits très particuliers : les problèmes monochromes à un
seul motif interdit. La généralisation des structures et des homomorphismes par
les représentations et les recoloriages, me semble alors d’autant plus pertinente
que, j’ai pu prouver que la même structure algébrique qui garantissait la correspondance entre dualité et densité dans le cas des structures, à savoir celle d’une
algèbre de Heyting, était présente dans ce cas plus général.
Dans [42], nous nous sommes également intéressés à un sujet quelque peu différent : nous avons en effet noté que, bien qu’il existe de nombreux résultats quant
à la complexité de problèmes dans CSP pour des structures, il ne semblait pas en
exister pour le cas d’algèbres. Nous nous sommes concentrés sur un cas extrêmement restreint : celui d’algèbres unaires. Nous avons pu montrer que dans le cas
de seulement deux symboles unaires, le problème uniforme était NP-complet (ici,
«uniforme» signifie qu’une instance consiste en une paire d’algèbre ; et, que la
question est de décider si il existe un homomorphisme depuis la première algèbre
vers la seconde). De plus, dans le cas d’un unique symbole unaire, nous avons
obtenu un résultat intéressant de dichotomie : les problèmes non uniformes sont
soit triviaux soit L-complets (par opposition, «non-uniforme» signifie qu’un instance consiste en une seule algèbre ; et, que la question est de décider si il existe
un homomorphisme depuis celle-ci dans une algèbre fixé, le patron du problème).
Notez que ce résultat donne les premiers exemples connus de problèmes de satisfaction de contraintes qui sont L-complets. Nous avons par ailleurs prouvé plus
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récemment dans [15] qu’il est au moins aussi difficile d’obtenir un résultat de
dichotomie dans ce cas que dans le cas classique.
Le travail effectué dans cette thèse m’a inspiré quelques idées et quelques
problèmes sur lesquels j’espère pouvoir me pencher dans un futur proche.
Premièrement, je n’ai pas complètement renoncé à prouver qu’on ne pouvait
pas, dans une certaine mesure, déterminiser les réductions probabilistes du théorème de Feder et Vardi. Pour ce faire, il faut à mon avis se retreindre à des réductions susceptibles de conserver les propriétés permettant de construire des familles
de témoins tout en se plaçant dans le microcosme des problèmes à caractère monotone ; je pense en particulier considérer tout d’abord des réductions correspondant
à des interprétations via des fragments monotones de FO.
Deuxièmement, un exercice théorique intéressant consisterait à tenter d’extrapoler les propriétés de CSP pour construire une hiérarchie «à la CSP» au dessus de
la classe NP. Le mécanisme auquel je pense a été brièvement esquissé en conclusion du chapitre 5 : il s’agit de considérer au premier niveau de la hiérarchie,
les problèmes de satisfaction de contraintes, puis les problèmes de motifs interdits, puis au second niveau de la hiérarchie (à condition d’accepter les représentations comme des structures de données «raisonnables») on peut considérer les
problèmes de recoloriage non uniformes et leurs versions «motifs interdits». Les
premiers correspondent à la version non uniforme du problème de l’inclusion de
deux problèmes de motifs interdits, sous couvert de certaines restrictions quant au
type de représentations considérées et sous couvert de la conjecture 5.17 page 165.
Les seconds sont à ces problèmes ce que les problèmes de motifs interdits sont aux
problèmes de satisfaction de contraintes, et sont peut-être plus difficiles à motiver.
Par ailleurs, j’ai l’intuition que la notion d’exponentiel de représentation introduite au chapitre 5 peut servir à prouver la conjecture précédente. En effet, on
peut imaginer des recoloriages contextuels qui transformeraient la couleur d’un
élément selon une certaine information locale. Notez alors que l’exponentiel R2R1
a pour couleurs l’ensemble des fonctions des couleurs de R1 dans celles de R2
et des motifs interdits qui ont pour support des structures qui sont des supports
de motifs interdits de R2 . En observant attentivement la définition de l’exponentiel, on peut alors voir les motifs interdits, comme la donnée d’un motif dans le
contexte duquel le recoloriage donné par les fonctions couleurs de chaque élément
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ne fonctionne pas.

Troisièmement, je pense que certaines techniques que j’ai adaptées de la preuve
de Feder et Vardi et que j’ai utilisées pour construire la forme normale pourraient être utiles pour caractériser des CSP qui appartiennent à P. En effet, on
peut considérer des familles de motifs interdits dont on sait que d’une part ils
correspondent à des problèmes de satisfaction de contraintes et d’autre part qu’ils
sont dans P. Par exemple, considérons pour le cas des graphes orientés (signature σ2 ), la famille de problèmes de motifs interdits «pas de chemin de longueur
n». Dans le cas n = 1, le problème est un CSP et il a clairement pour patron le
graphe orienté à un élément et pas d’ arc. Pour n > 1, on peut utiliser une transformation de Feder-Vardi, «coupant» au niveau du second sommet du chemin.

On obtient alors une représentation à deux couleurs ~ et  et deux motifs interdits compacts, l’un consiste en un seul arc, l’autre en un chemin de longueur
n 1, c’est-à-dire : f~; g
:::
f~; g
f~; g . Le
~ et 

premier correspond donc aux deux motifs : ~
~ et 
~ . Ce dernier
motif permet alors de simplifier l’expression du second motif compact pour ignorer la couleur ~. On obtient ainsi la représentation avec les trois motifs interdits
suivants :

~

~, 

~ et 



:::
.
Ce petit «calcul chromatique» permet donc de voir que le patron du problème
d’indice n consiste en celui du problème d’indice n 1 (ce qui correspond au chemin bleu) auquel on aurait ajouté un sommet supplémentaire (qui correspond à la
couleur jaune) avec un arc depuis ce dernier vers chaque autre sommet (puisque
il n’y a pas de boucle autour de ce nouveau sommet en vertu du premier motif
interdit et pas d’arc depuis le patron vers ce sommet en vertu du second). Ceci
permet donc de construire par induction les patrons correspondants puisque l’on
a vu plus haut que pour n = 1 le patron était tout simplement le graphe :


Ainsi, par le petit raisonnement effectué ci-dessus, on voit que pour n = 2, le
patron est le graphe :
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Puis pour n = 3 on a le graphe :







Et pour n = 4 :









On obtient les graphes orientés correspondant à des ordres linéaires. Ceci nous
permet de caractériser de manière «fine» (quant à leur complexité) les problèmes
de satisfaction de contraintes correspondantes. En effet, si on exprime les requêtes
correspondants aux problèmes de motifs interdits dont on est parti dans MMSNP,
il est clair qu’on obtient des formules du premier ordre. Ainsi ces problèmes sont
dans la classe de complexité L. La littérature concernant ce sujet étant abondante
et éclatée entre plusieurs communautés, il n’est pas très probable que cette classe
soit vraiment nouvelle. Cependant, il se peut que par des techniques similaires, on
puisse caractériser des classes polynomiales de CSP ; l’approche par les couleurs
permettant de donner des «bonnes caractérisation» (au sens de [45]).
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Lexique
construction šíp arrow construction.
calculatoirement équivalent computationally equivalent.
coeur core.
paires duales duality pairs.
tartouilleur duplicator.
problème de motifs interdits forbidden patterns problem.
paires couvrantes gap pairs.
cyclicité girth (minimum des tailles des cycles d’un graphe).
conjonction interdite negated conjunct.
réduction polynomiale (probabiliste) (randomized) polynomial-time reduction.
censeur spoiler.
patron template.
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Abréviations
CSP . . . . . . . . . . . class of the constraint satisfaction problems (aka non-uniform
homomorphism problems).
ESO . . . . . . . . . . . Existential Second-Order logic.
FO . . . . . . . . . . . . First-Order logic.
FP . . . . . . . . . . . . . class of the Forbidden Patterns problems.

L . . . . . . . . . . . . . . Logarithmic SPACE.
MMSNP . . . . . . . Monotone Monadic Syntactic NP without inequalities.

NL . . . . . . . . . . . . . Non-deterministic Logarithmic space.
NP . . . . . . . . . . . . Non-deterministic Polynomial-time.
P . . . . . . . . . . . . . . Polynomial-time.
QFP . . . . . . . . . . . .

Quantifier-Free Projection.
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Annexe A
Complexité (descriptive)
Further definition and examples can be found in the following complexity theory
textbooks [25], [39] or [46]. We refer further to [20] for NP-completeness and
to [12] or [39] for descriptive complexity theory.
Complexity classes
The model of a computation used to define complexity classes relevant to this
work is that of a (non-)deterministic Turing machine and throughout this work:



L denotes the class of problem decidable in logarithmic space on a deterministic Turing machine;



NL denotes the class of problem decidable in logarithmic space on a nondeterministic Turing machine;



P denotes the class of problem decidable in polynomial time on a deterministic Turing machine; and



NP the class of problem decidable in polynomial time on a non-deterministic
Turing machine.

Problem
A problem is a class of structures that is closed under isomorphism.
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Logics



FO denotes first order logic.



ESO denotes existential second order logic.

The definition of the above logics can be found in [12].



ESO-Krom denotes a fragment of ESO.



ESO-Horn denotes another fragment of ESO.

The above are defined in [21].

Reductions
Let P and Q be two problems and let r be a function of the set of instances of P to
the set of instances of Q.
We say that r is a polynomial-time reduction from P to Q whenever:



r can be computed in polynomial time; and



for every instance A of P,
A2P

() r(A) 2 Q:

We say that r is a randomized polynomial-time reduction from P to Q whenever:



r can be computed in polynomial time; and



for every instance A of P, the probability that
A2P

() r(A) 2 Q

is high (say strictly greater than 12 ).
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Interpretations and logical reductions
In the following L denotes some logic (typically some fragment of first-order
logic). Let σ and τ be two relational signatures where τ consists of n relation

symbols Ri of respective arity ri (1  i  n). Let k be a positive integer. Let
ϕ1 ; : : :; ϕn be formulae from L (σ), where the free variables of ϕi are a subset of
fx1 ; : : :; xk:ri g.

Π = (ϕ1 ; ϕ2 ; : : : ; ϕn ) induces a mapping of ST RUC(σ) to ST RUC(τ) as follows.
Let A 2 ST RUC(σ). Then, the structure Π(A) = B is the τ-structure with:




universe jBj := jAjk ; and
for every 1  i  n and any (t1; t2 ; : : :; tri ) 2 jBjri , where:
t1 = (u1 ; u2 ; : : : ; uk ); t2 = (uk+1 ; uk+2 ; : : : ; u2k ); : : :; tri = (ukri

k+1 ; : : : ; ukri )

RBi (t1; t2; : : : ; tri ) holds if, and only if, A j= ϕi (x̄=ū).
Π is called a L -interpretation of σ in τ of width k.
Let P  ST RUC(σ) and Q  ST RUC(τ) be two problems. We say that the problem P is L -reducible to Q (P L Q, for short) whenever:




there exists a L -interpretation Π of σ in τ; and
for any σ-structures A,
A2P

() Π(A) 2 Q:

If L = FO then we speak of a FO-reduction. Note that these reductions can be
achieved in logspace. When the FO-interpretation Π satisfies the following projection condition, we speak of FO-projection or fop for short. Every formula is of
the form:
α1 _ (α2 ^ `2 ) _ : : : _ (αe ^ `e)

where:



every αi is free of any occurrence of relational symbols from the signature
σ;
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the αi ’s are mutually exclusive; and



every `i consists of a single literal.

If, moreover, the formulas are quantifier-free, that is every αi is quantifier-free,
then we say that Π is a quantifier-free projection or qfp for short. Moreover, as
usual with qfps, except if otherwise stated, we allow a built-in successor function
Succ and two constants 0 and max.

Annexe B
Théorie des catégories
For more detail and examples, we refer to [38].

Categories
A diagram scheme consists of a set O of objects and a set A of arrows together
with two functions:
dom

O

A
cod

For a; b 2 O and f

2 A such that dom f = a and cod f = b, we write:
f

a

b

In this graph, the set of composable pairs of arrows is the set:
A O A = f< g; f > jg; f

2 A and dom g = cod f g

A category is a diagram scheme with two additional functions
id : O
c

!
7
!

A
idc

Æ : A O A ! A
< g; f > 7! g Æ f

called identity and composition, such that:
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for all objects a 2 O and all composable pairs of arrows < g; f >2 A O A,
dom (id (a)) = cod (id (a)); dom (g Æ f ) = dom f ; cod (g Æ f ) = cod g
and;



the composition is associative and the identity law holds; that is, for all
objects a; b; c; d and arrows f ; g; h, if a

f

b

g

c

h

d then:

f Æ (g Æ h) = ( f Æ g) Æ h
idb

Æ f = f and g Æ idb

=g

From now on, we write simply a 2 C for “a an object in C” and f

2 C for “ f an

arrow in C”. We may also say morphism instead of “arrows”.
E XAMPLE .
1. Set is the category whose objects are sets, and whose arrows are functions.
2. ST RUC(σ) is the category whose objects are σ-structures, and whose arrows are
homomorphisms.
3. A partial order is a category (with the property that there is exactly one arrow
between any two objects; and, that there is no cycle apart from self-loops when
viewed as a directed graph).

N
Let C be a category.

Duality
A very important feature of category theory is that of duality: given some notion,
the dual notion is obtained by reversing all arrows. Indeed, a statement holds if,
and only if, its dual holds.
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Isomorphisms
An arrow a

e

b is invertible in C if there is an arrow b

e0

a in C with e Æ e0 = ida

and e0 Æ e = idb . If such an e0 exists, it is unique, and is written e0 = e 1 . Two
objects a and b in the category C are isomorphic if there is an invertible arrow (an
e
b; we write a t b. The relation of isomorphism of objects is
isomorphism) a
an equivalence relation.
Monomorphism
An arrow a
and d

f2

i

b is monic (or left cancelable) if for any two parallel arrows d

f1

a

a, the equality i Æ f1 = i Æ f2 implies f1 = f2 . We also say monomorphism

for “monic arrow” and write a

i

b.

Epimorphism
An arrow a
and b

g2

s

b is epi (or right cancelable) if for any two parallel arrows b

g1

c

c, the equality g1 Æ s = g2 Æ s implies g1 = g2 . We also say epimorphism

for “epi arrow” and write a

s

b. Note that this is the dual notion of the above.

E XAMPLE .
1. In Set, the above three notions correspond respectively to the notion of a bijective,
an injective and a surjective function.
2. In ST RUC(σ), these notions correspond respectively to a (structure) isomorphism,
an embedding and a surjective homomorphism.
3. In a partial order, the only isomorphisms are the identity arrows (equality) and the
fact that there exists a unique arrow between any two objects implies that every
arrow is mono and every arrow is epi.

N
Retraction
For an arrow a
b, a left inverse is an arrow a
b with l Æ h = ida . A left
inverse (which is usually not unique) is also called a retraction of h. Note that it
h

l
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follows that h is monic. Moreover any left inverse of h is epi.
E XAMPLE .

Consider the category ST RUC(σ). Let a

l

b be a retraction of a

h

b.

Since h is an embedding, we can see a as a (not necessarily induced) substructure of b
such that b can be mapped homomorphically onto a via l, leaving the vertices of a fixed.

N

Terminal object
An object 1 is terminal in C if from each object a 2 C there is exactly one arrow
a
1. If 1 is terminal, the only arrow 1
terminal objects of C are isomorphic in C.

1 is the identity id1 , and any two

Initial object
It is the dual of a terminal object. An object 0 is initial in C if to each object
a 2 C there is exactly one arrow 0
a. If 0 is initial, the only arrow 0
0 is the
identity id1 , and any two initial objects of C are isomorphic in C.

Equalizer
d

e

f

b forms an equalizer of b

g

c if f Æ e = g Æ e and for any c

h

b such that

f Æ h = g Æ h there exists a unique h0 such that e Æ h0 = h.
E XAMPLE . In Set, take d := fx 2 c such that f (x) = g(x)g and take for e the function

that sends x 2 d to x 2 b.

N

Product
Let a; b 2 C. An object a  b together with arrows a  b
a product if for any object c, and any arrows c

f

πa

a and a  b

a and c

g

πb

b forms

b, there exists a
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unique arrow h such that the following diagram commutes:
c
f

a

πa

h

ab

g
πb

b

a  b is called the product (object) and the arrows πa and πb the projections. Note
that the product of two objects is unique up to isomorphism.
E XAMPLE .

1. In Set, it corresponds to the Cartesian product.

2. In a partial order, it corresponds to the least upper bound.

N

Coproduct
It is the dual of the above notion. An object a + b together with arrows a
and b
b

g

ιb

a + b forms a coproduct if for any object c, and any arrows a

ιa
f

a+b
c and

c, there exists a unique arrow h such that the following diagram commutes:
c
f

a

ιa

h

a+b

g
ιb

b

a + b is called the coproduct (object) and the arrows ιa and ιb the injections
(though they are not required to be injective functions). Note again that the coproduct of two objects is unique up to isomorphism.
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E XAMPLE .

1. In Set, it corresponds to the disjoint union of two sets.
2. In a partial order, it corresponds to the greatest lower bound.

N
Adjoint functors
A functor is a morphism of categories: that is, a function that preserves objects,
arrows, identity and composition. In detail, for categories C and B a functor T :
C
B with domain C and codomain B consists of two suitably related functions:
the object function T, which assigns to each object c 2 C an object T c of B and the

arrow function (also written T) which assigns to each arrow c
Tc

Tf

f

c0 of C an arrow

T c0 of B in such a way that:
T (idc ) = idT (c) ; T (g Æ f ) = idT (g)ÆT ( f )

the latter whenever the composite g Æ f is defined in C. When the codomain and
domain are the same, we speak of an endofunctor.
Given two objects a and b in C, we write hom(a; b) for the set of arrows from
a to b.
Let C be a category. Let F and G be two endofunctors of C. Let ϕ be a function
which assigns to each pair of objects a and c of C a bijection
ϕa;c : hom(F (a); c)
which is natural in a and c: that is, for all c
hom(Fa; c)
k?

hom(Fa; c0 )

ϕa;c

ϕa;c0

hom(a; Gc)
(Gk)?

hom(a; Gc0 )

!
k

hom(a; G(c))
c0 and all a

hom(Fa; c)
(Fh)?

hom(Fa0 ; c)

h

ϕa;c

ϕa0 ;c

a0 both the diagrams:
hom(a; Gc)
h?

hom(a0 ; Gc)

will commute. Here k? is short for hom(F (a); k) the operation of composition
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with k, and h?

=

hom(h; Gc). Then, we say that F and G are adjoint functor.

We call G the right adjoint of F (as a right adjoint of G is unique up to natural
isomorphism).
E XAMPLE .

If C and B are lattices then the pair of adjoint functors F and G are the

operators of a Galois connection between those lattices.

N

Cartesian closed categories
Let C be a category with products. Consider the following endofunctor of C:
_b :C
a

! C
7 ! ab

If _  b has a right adjoint _b :
_b : C
c

!
7!

C
cb

then we call the object cb the exponential of c by b and we say that the category C
is cartesian closed.
E XAMPLE . Set is a cartesian closed category; the exponential cb is the set of functions

N

of b to c.

Pullback
Given in C a pair b

f

a; d

g

a of arrows with a comon codomain a, a pullback

square of < f ; g > is a commutative square,
p

k

g

h

b

d

f

a
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such that for every other commutative square built on f ; g,
q

c

d

p

g

b
t

there is a unique c

a

f

p such that:
c

q
t

p

p

k

d
g

h

b

a

f

Subobject classifier
A subobject classifier for a category C with a terminal object 1 is defined to be
a monomorphism 1
exists a unique X

ψ

t

Ω such that for every monomorphism S

m

X in C, there

Ω such that the following is a pullback square:
S

1

m

X

t
ψ

Ω

In this pullback square, the top horizontal arrow is the unique map to the terminal
object 1, the lower horizontal arrow ψ acts as the “characteristic function” of the
t
Ω may be called
given subobject S, while the “universal” monomorphism 1
“truth”.
E XAMPLE .

In Set, the terminal object is a singleton 1 = f0g, Ω = f0; 1g and t is the

injection such that t (0) = 0.

N
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Limit
We refer the reader to [38] for the definition of a limit as we shall never directly
check for limits, but use the following corollary (cf. [38, corollary 1, page 113]).
Corollary B.1 (Saunders Mac Lane)
If a category C has a terminal object, equalizers of all pair of arrows, and products of all pair of objects, then C has all finite limits.
Topos
An (elementary) topos is defined to be a category E with the following properties:
(i)
(ii)
(iii)

E has all finite limits;
E has a subobject classifier; and
E is cartesian closed.

Index
arrow construction, 154

simplified sentence, 39

articulation point, 48

special form, 62

conjecture

problem

containment, 165
dichotomy of CSP, 25

H-colouring, 22
2-C OL, 22
2-S AT, 174

gap pair, 154

3-C OL, 22
Heyting Algebra, 147

C VP, 175

homomorphic image, 20
homomorphism, 19
colour-preserving, 71

G ENERALISED -S AT, 23
NAE-S AT, 179
N O -M ONO -T RI, 29
N O -WALK -5, 30

isomorphism, 20
colour-preserving, 72

T RI -F REE -T RI, 29
T RI -F REE, 28

lattice
(join) prime, 151

containment, 165
CSP, see homomorphism problem
forbidden patterns problem, 79

MMSNP, 26, 38
α-part, 27

monochrome, 152
Hom-Alg1, 191

β-part, 27
(bi)connected, 59

Hom-Alg2, 195
homomorphism problem

collapsed, 57
complete colourings, 42
conform, 50

non-uniform, 20
uniform, 187

good sentence, 43
negated conjunct, 26
induced structure, 47

quantifier-free first-order reduction, 189
recolouring, 79
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(bi)connected, 71

mono-,epi-,iso-, 83
representation, 77

MDC2n ; MC2n ; ADC22p

ME, 77

(bi)connected, 106
(induced) sub-, 83
canonical, 104
conform, 97
coproduct, 159
exponential, 161
Feder-Vardi transformation
canonical, 116
elementary, 108
forbidden patterns, 77
image via a recolouring, 86
normal, 118
product, 157
retract(ion), core, automorphic, 94
second generation, 169
set of normal representations, 141
simple, 83
trivial, 82
witness family, 131
signature, 19
structure, 19
Cn , 73
DCn , 73
(bi)connected, 48
(co)product, 148
antireflexive, 48
coloured, 71
BCn ; WCn ; ACn , 75
BDCn ; W DCn ; ADCn , 75

antireflexive, 97
monotuple, 97
non-sbavate, 97
retract(ion), core, automorphic,
92
valid, 77
cycle, 49
exponential, 149
girth, 49
monotuple, 48
path, 47
retract(ion), core, automorphic, 90
tree, 153
substructure, 20
template
of a CSP, 20
of a representation, 100
theorem
Feder and Vardi, 27, 67
Hell and Nešetřil, 22
Ladner, 21
Louison, 140
Shaeffer, 23
Tardif and Nešetřil, 153
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